MULTIPLIER AND ISOMORPHISM PROBLEMS 

OF 

SOME VECTOR VALUED FUNCTION SPACES 


By 

MAMTA KAMRA 


Math 

D 

j. DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY KANPUR 

(VjUL 



DECEMBER. 1992 



MULTIPLIER AND ISOMORPHISM PROBLEMS 

OF 

SOME VECTOR VALUED FUNCTION SPACES 


A Thesis Submitted 

m Partial Fulfilment of the Requirements 
for the Degree of 

DOCTOR OF PHILOSOPHY 


By 

MAMTA KAMRA 


to the 

DEPARTMENT OF MATHEMATICS 

INDIAN INSTITUTE OF TECHNOLOGY KANPUR 


DECEMBER. 1992 



2 ‘^34 





-T' mx- T) ^ mi^ 



CERTIFICATE 


It IS to certify that the work contained in the thesis entitled 
"Multiplier and isomorphism problems of some vector valued 
function spaces" by Mamta Kamra has been carried out under my 
supervision and has not been submitted elsewhere for a degree 

( U B. Tewari ) 
Department of Mathematics, 


December , 1 992 . 


I IT, Kanpur . 



ACKN(MiI)GEI1EM^ 


I am extremely grateful to Dr U B Tewari for his remarkable 
guidance, encouragement and co-operation throughout the course of 
my research work. His valuable suggestions and comments have 
contributed a lot to improve the quality and presentation of the 
text. Thanks are also due to Sanjiv Gupta and Manju Agarwal for 
many useful discussions. 

I thank Dr. R.K.S. Rathore for his inspiring talks and noble 
advices. I am also thankful to Dr OP. Kapoor, Dr. Shobha Madan, 
. Dr.V Raghvendra and Dr.P.C.Das for their co-operation. 

I take this opportunity to thank all my friends for sharing 
many happy moments. I particularly thank Snigdha, Vandana , Manju 
and Sushma for their understanding and much needed help I express 
my appreciation to A.K Singh and Chandra Shekhar Rao for their 
co-operation. I am grateful to Bajaj's family for the care and 
affection. 

I am indebted to all my family members for their 
understanding and co-operation. I thank my mother, from the depth 
of my heart, without whose sacrifices this piece of work could not 
have been materialized. 

Finally, I thank Swami Anand Chaitanya and Mr. G.L Mishra 
for efficiently handling the job of typing. 


Mamta Kamra 



CONTENTS 


CHAPTER 

I 

INTRODUCTION 

1 

CHAPTER 

II 

PRELIMINARIES 

7 

CHAPTER 

III 

MULTIPLIERS OF C^CG.A) 

2i 

CHAPTER 

IV 

MULTIPLIERS OF VECTOR 




VALUED L^-SPACES 

41 

CHAPTER 

V 

ISOMETRIC ISOMORPHISMS 

62 

CHAPTER 

VI 

BIPOSITIVE ISOMORPHISMS 

SI 


BIBLIOGHAPHY 



CHAPTER I 


INTROIMCTI® 


In this thesis, we investigate multiplier and isomorphism 
problems of some Banach space or Banach algebra valued function 
spaces 

Multiplier problems for various spaces of complex valued 
functions defined on a locally compact group G, have been studied 
by several authors. In particular, we mention Vendel 151 J, 
Brainerd and Edwards 12 J, Edwards 111,12] and Gaudry I14j. The 
appropriate choice of the definition of a multiplier depends on 
the context in which we are considering multipliers For various 
concepts and results regarding multipliers, one can refer to the 
book by Larsen 127J. 

Let L^(G) (1 ip < <»> denote the space of equivalence classes 
of complex valued measurable functions on G whose p^^ power is 
integrable C^(G> denotes the space of complex valued continuous 
functions on G which vanish at infinity. M(G) denotes the space 
of bounded complex valued regular Borel measures on G. A bounded 
linear operator T on l\g) is called a multiplie’r if T(f ♦ g) = 
f ♦ Tg = (Tf) ♦ g for all f, g € L^CG). It is known 1 27 J that a 
bounded linear operator T on L^(G) is a multiplier if and only if 
T commutes with translations. Wendel 1 51] gave a characterization 
of the multiplier space of L^ CG) . He proved that the multiplier 
space M (L^(G)) is isometrical ly isomorphic to MCG) . Brainerd and 
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Edwards 12 j proved that the space M (L^(G), L^(G)), 1 < p < oo can 

be identified with L^CG). He also proved that M (C^(G)) is 

isometrical ly isomorphic to M(G) . Further, C (G) is a Banach 

o 

algebra with pointwise multiplication. Therefore, we can talk of 
pointwise multipliers of C^(G> It is easy to see that the space 
of pointwise multipliers of C^(G) can be identified with the space 
of bounded continuous functions on G ¥e investigate these 
problems for the vector valued case. 

In Chapter II, we collect basic definitions and facts about 
vector measures and vector valued function spaces which will be 
needed subsequently. 

Let A be a Banach algebra and X, Y be Banach spaces. Lai 
I23j considered the problem of characterization of multipliers of 
C^(G,A) But there are a few gaps in his arguments. In Chapter 
III, we investigate these problems in more generality. ¥e study 
L^ (G , A)-modul e homomorphisms of C^(G,A> ¥e also note that if T 
IS an L^ (G, A)-modul e homomorphism then T commutes with 
translations. But its converse need not be true. ¥e first 

identify the left translation invariant operators from C (G,X> to 

** 

C^(G,Y) with ie(X,Y )-valued measures satisfying certain 
conditions. Using this identification, we give a characterization 
of L^ (G, A)-module homomorphisms of C^(G,A). ¥e also investigate 
the pointwise multipliers of C^(G,A> when G is a locally compact 
Hausdorff space 

These problems were also investigated by Singh and Vasudeva 
I40j Our result and its proof regarding the pointwise 

multipliers of C (G,A) is similar to that given by Singh and 

^ o 
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Vasudeva Our approach to the investigation of CG, A)-module 
honiomorphi sms is different from their approach and results also 
have different appearance. 

Let G be a locally compact abelian groupj A a commutative 

Banach algebra with identity and X an A-module. Tewari , Dutta and 

Vaidya 146J characterized the multiplier space of L^(G,A) Chan 

14 J obtained this result when G and A are arbitrary and A has a 

minimal approximate identity. Suppose 1 ^ p < cd. Lai 122J gave a 

characterization of the space Horn . (L^(G,A), L^(G,X)) of 

L^(G,A) 

L^ (G , A)— modu 1 e homoroorphi sms from L^(G,A> to L^CG,X) <We shall 

frequently use the term multiplier in place of L^ (G, A)-roodule 

homomorphism). In Chapter IV, we prove a slightly better result. 

We give a characterization of the space 

Hom*^, (L^(G,A), L^CG.X)), when G and A are arbitrary and A 

L^CG.A) 

has a minimal right approximate identity. 

Let G be a locally compact abelian group and I its dual It 

2 

is known 127J that a translation invariant operator T on L (G) 

defines a bounded measurable function <p on F such that (TfX^) = 
^ 2 

4>(.y)f(.j) for all y e F and f g L (G) . Conversely, every bounded 
measurable function on F defines a translation invariant operator 
on L (G) . ¥e investigate this problem for the vector valued case 
We also note that in the scalar valued case, Plancherel theorem is 
the key step in proving this result But we know 137 J that an 
analogue of Plancherel theorem is not true in general in the 
vector valued case. However, we prove that if G is a compact 

.A 

abelian group and H is a Hilbert space then the mapping f — i f is 
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2 2 

an isometry of L (G,H) onto t (r,H)- Using this result, we give a 
characterization of translation invariant operators on L CG,H), 
analogous to the scalar case. Ve also give an example to show 
that this result need not hold if H is not a Hilbert space. 

Let be locally compact groups. Vendel 151 J proved 

that if there exists a norm decreasing isomorphism of L^CGj^> onto 
L^CG^) then the groups G^ , are topologically isomorphic. 

Suppose 1 i p < O). Gaudry 114J proved that the groups Gj , G 2 are 
topologically isomorphic if there exists an isometric isomorphism 
of M CL^(Gj)> onto M (L^(G 2 >) To prove this result, a 

characterization of isometric multipliers of L^(.G> plays a 
significant role Parrott 129J proved that isometric right 

multipliers of L^(G) are of the form e 6^ where c is scalar 
with j c j = 1 . 

In Chapter V, we investigate isometric isomorphism problems 
for the vector valued case. For this, we need to study isometric 
multipliers. Let G be a locally compact abelian group and A be a 
commutative semi-simple Banach algebra with a minimal approximate 
identity. Ve prove that surjective isometric multipliers of 
L^(G,A) are of the form F6^ where F is a surjective isometric 
multiplier of A. In particular, if A has an identity then 
surjective isometric multipliers of L^CG,A) are of the form a 5^ 
where a € ICA) = ib e A: b is invertible, |b| = 8b- = U. In 
case 1 < p < CD, we have characterized surjective isometric 
multipliers of L**CG,A> under certain conditions. 
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Let Gj , be locally compact abelian groups. Suppose 

are commutative semi-simple Banach algebras with identity such 

that they do not contain any two vectors x, y such that 

|ax + = jaj |xjj + jpj Jy|j for all scalars o and p. In other 

2 

words, -C-j A^ . Note that every strictly convex space satisfies 

this condition Let I(A^) denote the set of isometric multipliers 

of A . Let I' (A ) be the closure of the linear hull of I(A ). ¥e 
11 1 

note that I'(A^) is a Banach algebra. We prove that if there is 
an isometric isomorphism of L^(Gj,Aj) onto L^(G2,A2) then there 
exists a topological isomorphism of G^ onto G^ and an isometric 
isomorphism of 1 ' onto I'(A2>. In the case when I'(A^) = A^, 
we give a characterization of isometric isomorphisms of L^CG^.A^^) 
onto L^(G2,A2). 

In the last chapter, we investigate bipositive isomorphism 
problems for Banach lattice algebra valued function spaces. The 
nature of problems discussed for bipositive case are similar to 
that for the isometric case. 

Let G be a locally compact group and A be a Banach lattice 
algebra with identity. Let A denote the set of all positive 
elements of A. A function f e L^(G,A) is said to be positive if 
f(s) e A^ for almost al 1 s g G. An operator T on L^CG,A) is said 
to be positive if Tf is positive whenever f is a positive element 
of L^(G,A). T IS said to be bipositive when Tf is positive if and 
only if f IS positive. ¥e prove that the positive multipliers of 
L^(G,A) are given by the measures belonging to MCG,A) which take 
their values in a"*^. 
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Let Gj , G2 be locally compact groups. Let , Ag be Banach 
lattice algebras xith identity such that inverse of each positive 
invertible element is positive. We prove that if there is a 
bipositive isomorphism of L^CG^.A^) onto L^(G2 jA 2) then there 
exists a topological isomorphism of onto G2 and a bipositive 
isomorphism of A^ onto A2 In the scalar valued case, this result 
was proved by Kawada I 20 j. Lastly, we give a characterization of 
bipositive isomorphisms of L^CG^iA^) onto L^(G2,A2). 



CHAPTER II 


PRELIMINARIES 


In 1.1118 Chapter, we study some basic concepts of vector 
measures and vector valued function spaces, and collect some known 
results which will facilitate our later discussions. 

§1. Vector Measures and Integration 

For the definitions of vector measure, Bochner integral and 
other relevant concepts, the reader is referred to the books by 
Diestel and Uhl 16 J , Dinculeanu 17 j and. Hi He and Phillips 1 17 J . 

Vector Measures 

Let G be an arbitrary set and S be a o-algebra of subsets of 
G A function p from E to a Banach space X is called a Vector 
measure if whenever Ej and are disjoint members of S then 
jiCEjU = p(Ej) + pCEj). 

a> ® 

If p( U E ) = T ii(E ) in the norm topology of X for all 

n=l 

sequences of pairwise disjoint members of E then p is called 

a countably additive vector measure. 

The variation of p is the extended non-negative function jpj 
whose value on a set E € E is given by 

jpj(E) = sup J] |p(E)j, 
n Eeri 


where the supremum is taken over all partitions n of E into a 
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finite number of pairwise disjoint members of E. 

^ ®» then we say that p is of bounded va.ri&tion . 

The semivanat ion of p is the extended non-negative function 
j/jJ whose value on a set E e E is given by 

jlij(E) = sup |^jx%{(E>: X* € X*, jx*g i 1 

where jx pj is the variation of the scalar valued measure 

< CD then fi is called a measure of bounded semi— variation. 
Let p : E — * X be a countably additive vector measure and X 
be a non-negative real valued measure on E. Then jj is called 
\-continuous if 

lira /i(E) = 0. 

X(E)— >0 

p IS X-continuous if and only if p vanishes on the sets of 
X-measure zero 16, P.IOJ. 

Measurable functions 

Let p be a vector measure defined on (G, E) . An X-valued 

function defined on G is called simple if it is of the form 
n 

X Xp where x € X and Xg i® the characteristic function of E 
with E^ € E* 

A function f : G — * X is called pt-measurable if there exists 

a sequence of simple function if } such that 1 im |f (s)-f<s)J = 0 

n 

jpj — almost everywhere. f is called weakly measurable if the 

]|C l|C # 

scalar valued function x of is p-measurable for every x e X . 

The following Proposition correlates p-measurabi 1 ity and weak 



p-measurabi 1 ity . 
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PropoBition 2.1.1 16, P.42J : A function f : G — > X is 

p-measurable if and only if 

(i) f IS weakly ^-measurable and 

(ii) f IS j /I j -essent lal ly separably valued i.e. there exists 
E e E with j^jCE) = 0 and such that f(G\E) is a norm 
separable subset of X. 

Bochner Integral 

Let X, Y, Z be Banach spaces We say that (X,Y,Z) forms a 
bilinear system if there exists a bilinear mapping (x,y> — * x-y 
from X X Y into Z with Jx-yj^ £ B^By 

Let fi be an Y-valued measure on (G, E) and f be an X-valued 

p-measurable function defined on G. Then f is called ii~integrable 

if there exists a sequence of simple functions such that 

1 im I jf -f I ~ 0* this case, we define 

n,m ^ n m 

I ^ = Ub I dM 

G ^ G 

It IB easy to see that if f is p-integrable and E e E then 
Xgf IS p-integrable and we define 

J f d,. = J Xe f d„. 

E G 

Let (C denote the field of complex numbers. We note that 
(X, (C, X) forms a bilinar system if we define x.a = ax for x e X 
and a € C. This gives rise to the theory of integration of vector 
valued functions with respect to scalar valued measures (See §3.5 
- §3.8 of I17i and Chapter II of 16J). In this case, we have the 


following proposition. 
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Proposition 2.1.2 16, p. 47 J : Let ^ be a scalar valued measure and 
f be an X-valued p-integrable function on G Let T be a bounded 
linear map from X to a Banach space Y. Then Tof is Y-valued 
p-integrable function and 

T C/ f dp) = / (Tof) dp 

Similarly ((C,X,X) forms a bilinear system with multipli-- 
cation defined by a*x = ax for x € X and a e C. This leads us to 
the theory of integration of scalar valued functions with respect 
to vector measures. In this case, we have the following result. 

Proposition 2.1.3 : Let p be an X-valued measure and f be a scalar 
valued p - integrable function defined on G. Let T be a bounded 
linear map from X to a Banach space Y- Then Top is an Y-valued 
measure, f is (Top) - integrable and T (/ f dp) = / f d(Top)- 

Lebesgue - Bochner Spaces 

Let X be a fixed positive measure on (G, S) and 1 :£ p < co. 
L^(G,E,X,X) denotes the set of all equivalence classes of X-valued 
X-measurable functions such that if f is a representative of an 
equivalence class belonging to L^(G,E,X,X) then 

|r|p = ( / Iff*)!” dxcs)] ” < 

L^(G,i:,X,X) becomes a Banach space with J-|p* 

l“^(G,E,X,X) denotes the set of all equivalence classes of 
essentially bounded > X-“valtied X~©oasiirable functions. For each 
representative f of an equivalence class belonging to L (G,E,XfX)i 
define 

= ess. sup. jf(s)|. 
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L®(G,S,XiX) becomes a Banach space with | j . 

If G IS a locally compact group, E the o - algebra of Borel 
subsets of G and X the left Haar measure then we supress the 
letters E and X and denote L^(G.E,X.X) simply by L*’(G,X). 

It IS known 18, p.227J that X-valued simple functions are 

dense in L*^CG,E,X,X) for 1 p :£ Therefore functions of the 

n 

form 2 where x e X and f^ € L^CG.E.X) are dense in 

1=1 ^ 1 1 1 

L^(G.E,X,X). 

In the case when X = C, L**(G,E,X,X) is denoted by L^CG.E.X). 

§2. RNP and duality of L**CG.E.X,X) 

Let X be a finite positive measure on (G, E> A Banach space 
X IS said to have Radon-Nikodym property with respect to X if for 

each X - continuous vector measure p: E ^ X of bounded variation 

there exists age L^(G,E,X,X> such that 

pCE) = / g dX for all E e E. 

E 

A Banach space has Radon-Nikodym property (SNP) if X has RNP 
with respect to every finite measure space 

Every reflexive space has RNP. Also any separable space 
which IS the dual of another Banach space has RNP 161. 

Let X be a positive measure on (G, E> . A Banach space X is 
said to have wide RNP with respect to X if for each K € E with 
X(K) < <», X has RNP with respect to X^ where Xj, is defined as 


Xj^(E) = XCK n E) for all E € E 1241. 
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Note that for a finite measure space the concepts of RNP and 
wide RNP are the same. 

The following result is due to Lai 124 j. This result for a 
finite measure space is given in Diestei and Uhl 16 j. 

T heorem 2.2.1 : Let X be a positive measure on (G, L) , 1 < p < cd, 
p' the conjugate index of p and X a Banach space. Then 
(L^(G,E,X»X) ) IS isometr ical ly isomorphic to L^ (G,i;,X.X ) if and 

]|C 

only if X has wide RNP with respect to X. Further the 
correspondence between U € CL^CG,z;,X»X) ) and g € L*^ CG,EfX> X ) 
IS given by 

U(f> = / <f(sl , g(s>> dX(s> for all f € L^<G,E,X,X), 

G 

where < , > denotes the dual action. 

In the case, when X is a positive cr-finite measure on (G, E) , 
the above correspondence holds for p = 1 also. 

§3. Measures on a locally compact Hausdorff space 
Throughout the section, G denotes a locally compact Hausdorff 
space, E the Borel a-algebra of subsets of G and X a Banach space. 

Regular Measures 

Let be an X-valued measure defined on E. Then p is said to 
be regular if for every e > 0, there exists a compact set K and an 
open set U with K c E c U such that for any F € E with F c U\K, we 

have |M<F)| < € . 

For regular measures of bounded variation, we have the 
following result <See Props. 19 and 4 of § 15 of 18J). 
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Proposition 2.3.1 : Let fi : 2 — ^ X be a vector measure of bounded 
variation. Then p is regular if and only if j^j is regular. 

The space of regular, X-valued measures on E of bounded 
variation is denoted by M(G,X). M(G,X) is a Banach space with the 
norm jj^^J = j|ij(G). 

Let X be a positive measure on (G, E) then for f e L^CG.E.X.X), 
define a mapping : E — > X by 

p.CE) = / f dX. 

E 

It IS easy to see that is an X— valued measure of bounded 

variation with jf^^j = Further, if x is regular then is 

also regular. Hence in this case, L^(G,E,X,X) is isometrical ly 
embedded in M(G,X>. 

C^(G,X) and its dual 

Let C^CG,X) denote the space of all X— valued continuous 
functions on G vanishing at infinity. With the norm defined by 

|f|^ = sup Jf(s)j. 
scG 

C^(GjX) becomes a Banach space* If X is a Banach algebra then 

C^(G,X) becomes a Banach algebra with pointwise mni tipi icat ion. 

n 

It IS known that functions of the form E x f where x. € X 

1=1 ^ ^ ^ 

and f. € C <G) are dense in C (G,X). 

1 o o 

In the case when X = C, Riesz Representation theorem states 
that the dual of C^(G) is isometrical ly isomorphic to M(G> . For 
the vector valued case, following result follows from §19 of 18 j. 
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Theorem 2.3.2 (Riesz Representation Theorem): (C (G.X))’*' is 

o 

isometrica 1 ly isomorphic to M(G,X*) under the correspondence 
F € CC^CG.X))* and fi e M(G, X*) defined by 

F(f) = J f dfji for f € C (G, X). 

G ° 

For the compact space G, this result was proved by Singer 1391. 

Representation Theorems for bounded Linear Operators from C^(G) to 
a Banach Space 

The following theorem gives a relationship between a bounded 

## 

1 inear operator from C (G) to X and an X - valued vector measure 

o 

on E- 

Theorem 2.3.3 19, P.4921: If U: C (G> — » X is a bounded linear 

o 

operator then there is a unique finitely additive vector measure 
fjt: E — * X such that 

4: 4c 4c 

(i) the measure . )x is in M(G) for every x € X 

* * 4c 4( 

(ii) the mapping x — » fiC . ) x from X to M(G) is weak to 

weak* continuous 

(ill) Uf - J f dfjt for every f e C^(G> 

(iv) m = H (G) 

j|c 

Conversely, if pt: E — » X is a vector measure satisfying (i) 
and (ii) then there is a bounded linear operator U: C^(G) — » X 
which satisfies (iii) and Civ). 

¥e say that the measure p of Theorem 2.3.3 represents the 
operator U. The following Theorem gives a necessary and sufficient 
condition for the representing measure pi to take values in X. 
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]|C J|C 

Theorem 2.3.4 19, p.493J: If {jt: E — *■ X is a vector measure 

representing a bounded linear operator U: C^(G) — > X then U is 
weakly compact if and only if fi takes its values in X In this 
case, fx IS countably additive. 

If U: C^(G) — » X is a bounded linear operator then b is said 
to be dominated if for some non-negative X e MIG), 

|Uf| i / jf I dX for all f € C^<G) 

If U IS dominated then the representing measure p has bounded 
variation and jpj c M(G) . Furthermore, dominated operators are 
weakly compact 152J. Consequently, if U: C^(G) — i X is dominated 
then its representing measures /i belongs to M(G, X). 

§4. Convolutions 
Convolution of two measures 

Let G be a locally compact group, X the left Haar measure on 
G and E the o~algebra of Borel subsets of G. Let X, Y, Z be Banach 
spaces such that (X,Y,Z) forms a bilinear system (See §2). Suppose 
|i € MCG.X) and i? e M(G,Y). Then p ♦ p is a Z-valued measure defined 
by 17. §24 j 

(p * p)(f) = / / f(st) d^(s) dp(t) for all f e C (G) . 

G G 

Further , 

IC/i ♦ P)(f)| ^ S J }fCst)| d|#ijCs) djpjCt) 

G G 

= ( l^i|*|p|)(lf I ). 

Since fi and if are regular measures, it follows that 

regular measure. It follows by comments subsequent to Theorem 

2.3.4 that n * If belongs to M(G,Z>. 
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If A IS a Banach algebra then M(G,A) becomes a Banach algebra 
with multiplication defined by convolution. 

Convolution of a measure and a function 

If f € L (G,X) and (x € M(G,Y) then the integral 

(p ♦ f)(s) - J f(t ^s) dfiit) exists for almost all s € G. 

Further, ♦ f g L^CG.Z) and j|^ ♦ gfg^ 

Let A denote the modular function. Then the integral 

if * n}is) = / f(st~S Lit~^y diiit) 
exists for almost all s e G ¥e also have f ♦ p g L^CG.Z) and 
gf ♦ /igj £ gfgj gfifi 17. §24J. 

If A IS a Banach algebra then L^CG,A) is a two-sided ideal of 
M(G,A) . 

Convolution of two functions 

If f G L^CGjX) and g g L^tG,Y), 1 ^ p ^ cd then the integral 
(f ♦ g)(s> = / f(t) g(t"^s) dXCt) = J fCst) gCt"^) dX(t> 
exists almost everywhere. 

Further f ♦ g g L^CG.Z) and * g|p ^ |fli 8^lp . ¥e also have, 


f ^ 

f(t“S gets) 

Aet"^) 

dxet) 

if * g)(s) = \ 

-1 . 

-1 


u 

f(st *) get) 

Aet ^) 

dxet) 


If A IS a Banach algebra and X is an A-module then 
L^(G,X) becomes a left (G, A)-modul e with multiplication 
defined by convolution. 

If f e L^(G,X) and g g C^(G,Y) then f * g is defined 
analogously. It is known that f ♦ g exists everywhere and 
belongs to C^(G,Z> with U * Uh i"»i 
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If A IS a Banach algebra and X is an A-module then C (G,X> is 

o 

a left L^CG.A) - module. 

If G IS unimodular then (G.X) and C (G.X) are also right 

o 

(G, A)-modules 17, §24J. 

§5. The Algebra L^(G,A) 

¥e have noted in the last section that if A is a Banach 
algebra and G is a locally compact group then L^CG,A) becomes a 
Banach algebra with convolution as multiplication Furthermore, 
if G and A are commutative then L^(G,A) is a commutative Banach 
algebra. 

The following results are well known. 

1) L^CG,A) IS semi-sirople if and only if A is semi-simple I19j. 

2) L^(G,A) IS regular if and only if A is regular I48i. 

3) L^(G,A) IS tauberian if A is tauberian I15j 

41 L^CG.A) has a bounded approximate identity if and only if A 

has a bounded approximate identity llOJ 

The following result about the maximal ideal space of L^(G,A) is 
due to Johnson 119J. 

Theorem 2.5.1 : Let G be a locally compact abelian group and T its 
dual . Suppose A is a commutative Banach algebra Then the 
maximal ideal space of L^CG,A) is homeomorphic to T x A <.A> where 
A(A) denotes the maximal ideal space of A. Further the Gel f and 
transform Jf of f e L^(G,A) is given by 

(yf ) = J ^(fCs)) 7 (s) dx(s) for e r x A(A>. 

G 

We define the Fourier transform of f e L^(G,A) by 
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fCir) = / f(s) 7 (s) dX(s) for X e r. 

G 

A 

Note that f defines a function on r to A We have the following 
relationship between the Gelfand transform and the Fourier 
transform . 

= 4 > (.f(j)) for (.y,(l>) c F x A (A). 

§8. Multipliers 

Let f be a function defined on a locally compact group G* 
For s € G, we define (t f)(t) = f(s“^t) for t e G. t f is called 

s S 

the left translate of f The right translate T®f of f is defined 
by T®f (t) = f(ts~^) for t € G. 

Definition 2.6.1 : Let B be a space of functions defined on 
a locally compact group G. Then B is called translation 
invariant if both x^f and x®f belong to B for all f 6 B and 
s e G. 

Definition 2.6.2 Let B^ and be two translation invariant 

spaces of functions defined on a locally compact group G. An 

operator T: B^ — > B 2 is said to be left translation invariant if 

T(x„f) = x„(Tf) for all f e B, and s e G i.e. T commutes with left 
s s 1 

translations 127J* 

Similarly we define the right translation invariant operators 
from B^ to 62 - An operator from B^ to Bg is said to be translation 
invariant if it is both left and right translation invariant. 

Definition 2.6.3: Let X, Y be left A~modules. A continuous linear 
operator T: X — * Y is said to be a left A-modvle homomorphism if 
T(ax) = a (Tx) for all a € A and x € X 125,401. 
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The set of all left A-module homomorphisms from X to Y is a 
Banach space under the operator norm and is denoted by Hom^‘^(X,Y>. 
If X = Y then Horo^'^(X.Y) is denoted by Hom^'^'CX) 

If X and Y are right A-modules then the right A-module homo- 
morphisms from X to Y are analogously defined. We denote the space 

T 

of all right A-module homomorphisms from X to Y by Hom^^ (X,Y>. 

If X and Y are A-modules then Horn. (X,Y> denotes the space of 

A 

all continuous linear operators from X to Y which are both left 
and right A-module homomorphisms. 

Definition 2.6.4 : Let A be a Banach algebra. A continuous linear 
operator T on A is called a left multiplier if T(xy) = (Tx)y for 
all X ,y € A I 27 J . 

The set of all left multipliers of A is a Banach algebra 
under the operator norm and is denoted by M^(A>. The right 
multipliers of A are analogously defined M*'(A) denotes the space 
of all right multipliers of A 

A continuous linear operator on A which is both left and 
right multiplier is called a multiplier of A. The space of ail 
multipliers of A is denoted by M(AI Observe that if X = Y = A 
then Hom^(X.y) = M(A) . 

We have noted in section 4 that if X is an A-module then 

C (G.X) and L**(G,X) for 1 ^ p < <» are left L^(G,A) - modules with 
o 

module action defined by convolution. Also for a locally compact 
Hausdorff space G. C^CG.A) becomes a Banach algebra with pointwise 
mul tipl 1 cat ion. 

In view of the above discussion, we can talk of the spaces 

Hom-^, (C (G,A)). Hom'^, (L^(G.A). lP(G,X)) and M^(C^(G.A)). 

L^(G.A) ° L^G,A) 
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9 

If X A = C then these spaces are denoted by Hoin . (C (G)), 

L^CG) ° 

Hom^ (L^(G)), L^(G)) and M^(C (G)) respectively. 

l\g) ° 

§7. Miscellaneous 

Banach Alaglou's Theorem 2 7.1 ; 19, V 4 2J: Let X be a Banach 
space. Then any closed norm bounded ball in X is compact in 
weak topology 

Fubini's theorem 2.7 2 116, 13.8] Let Gj^ , be locally compact 

Hausdorff spaces and let i ?2 t»e regular non-negative Borel 

measures on G^ , G 2 respectively. Let f be in L^(Gj^ ^ ^2 ^ 2 }' 

Then the function s — > fCs,t> belongs to L^(Gj^,i^j^) for ~ almost 
all t € G 2 and the function t — » f(.s,t) belongs to L^(,G 2 ,P 2 ^ 
y^-almost all s e G^^ . 

Furthermore, the function defined by s — » / f(s,t) dp..(t) where 

G ^ 

the integral exists and o elsewhere, is in L^(Gj,Pj), similarly 

for J f(s,t> dp.Cs). Finally, we have 
^1 

f J J f(s,t) dp_(t) dp Cs) 

J f(s,t) d(p X p )(s,t) = < 

G,xG_ ^ //fCs,t) dp Ct) dp„(s) 

12 n n i Z, 

'■ ‘=1 °2 

Factorization theorem 2.7.3 116, 32 .2 2i: Let A be a Banach 
algebra with a bounded left approximate identity and X be a le't 
Banach A— module. Then for each z e X and e > 0, there exist 

elements a € A and y e X such that 
(i) z = a.y 

( II ) y G CA.z) 

(III) |y-z| G 



CHAPTER III 


HULTIPLIERS OF CqCG.A) 
§1. INTROTCTK^ 


Let G be a locally compact group and A be a Banach algebra. 

Ve have already observed in Chapter II that C^(G,A) is a left 

L^(G,A)-inodule. Therefore we can talk of left CG, A)-module 

homomorphisms of C^(G,A). If however, G is unimodular then 

C (G,A) IS also a right (G, A)-modul e . Therefore in this case, 
o 

it IS also meaningful to talk of right L CG,A)-module 
homomorphisms of C^(G,A)- 

Lai 1231 had investigated the space Boro . CC (G.A)) of 

L^(G.A) 

(G , A)— modu 1 e homomorphisms of C^(G,A) under the hypothesis that 

G is a locally compact abelian group and A is a commutative Banach 

algebra with identity However, his results need some 

modifications. The main problem with his arguments lies in the 

identification of the space of continuous linear functions from 

C (G,A) to A with the space M(G,A). This does not seem to be 
o 

correct. The space has already been characterized as 

3C(A, A**) -valued measures satisfying certain conditions, whereas 
the space of dominated continuous linear functions from C^<G,A) to 
A IS Identified with M(G.XU)) (See 18J). Furthermore, even for 
commutative Banach algebras A with identity of dimension > 1. 

A at MCA) c J&(A). Therefore each continuous linear operator from 
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C^(G,A) to A need not arise from a measure belonging to M(G,A). 

In section 2, we shall use the characterization of A-valued 

dual of C^(G,A) to give a description of the space 

Horn . (C CG,A)) when the algebra A has a bounded right 

L^CG.A) ° 

approximate identity. 

Lai 123J had also investigated the pointwise multipliers of 

C (G,A) He claims that M (C (G,A)) is i sometrical ly isomorphic 
o o 

to the space C^(G,M(A)) of bounded functions from G to MCA) 

continuous in the uniform operator topology However, there 

appears to be a slight error in his arguments. It turns out that 

M (C (G,A)) IS 1 sometrical ly isomorphic to the space C^CG,M(A>> of 

bounded functions from G to M(A) continuous in the strong 

operator topology. Furthermore, in this case the group structure 

of G does not play any role and therefore G may be assumed to be a 

locally compact Housdorff space. In Section 3, v^e characterize 

the space M'^CC (G,A)) under the hypothesis that A is a Banach 
o 

algebra with a right approximate identity. 

When we were writing this thesis, we came across the paper by 

Singh and Vasudeva 140] They have also noted the problems with 

the arguments of Lai in 123] and have given characterizations of 

Hom^ (C (G.A)) and (G.A)). Our proof regarding the 

L(G.A> ° 

pointwise multipliers is more or less same as the proof given in 
140]. Our approach to the investigation of L^ (G, A)~module 
horoomorphisms of C^CG.A) differs from that in 140] and the results 
also have a different appearance. The main difference arises due 
to the different approaches to the concept of vector measures. 
Our approach is that of Diestel 16] and Dinculeanu 18] whereas 
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the approach in 140J is that of Dincuieanu 17 J. 

§2. CC (G.A)) 

L^(G.A) ° 

Throughout this section, G denotes a locally compact group 

and A a Banach algebra with a bounded right approximate identity 
unless otherwise stated. 

In the scalar valued case, it is known that T € 

Horn . (C (G)) if and only if T commutes with translations. This 

L CG) ° 

need not be true in the vector valued case. If T e 

HOm . (C CG,A)) then T commutes with translations. However, 

l\g.a) ° 

even if A is a commutative Banach algebra with identity of 

dimension > 1, one can construct examples as in 1461 to show that 

a translation invariant operator on C^(G,A> need not be an 
(G, A)-roodule homomorphism. Thus the problem of characterization 
of translation invariant operators becomes important. In this 
section, we characterize the left translation invariant operators 
from C^(G,X) to C^(G,Y> where X,Y are Banach spaces- We use this 
result to give a characterization of the space 

Hom'^, (C (G,A)). 

l\g.a) ° 

For the characterization of left translation invariant 

operators from C (G,X) to C CG,Y), we shall need a representation 

o o 

theorem for continuous linear operators from C^(G,X) to Y due to 
Dincuieanu 18 J. 

3.2.1 : Let E denote the <r-algebra of Borel subsets of G. Let 

44 4 4 

fi : E > 3t(X,Y ) be a vector measure. For each y e Y and 


E € E, define 
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^ j,,(E)(x) = y ^p(E>(x)j for all x e X. 

Then pi ^ H > X is a vector measure. 

y 

For each E € E, define 

^(E) = sup |jp ^j(E) : |y*| :S l| 

p(E) is called the semi-va.ria.tion of pi of E. If p(G) < a>, we say 
that pi has finite semi-variation. 

We now state the representation theorem for continuous linear 
operators from C^(G,X) to Y Its proof follows from §19 of 18] 
(see also Theorem 1, P. 152 of 16]). 

Theorem 3.2.2 : Suppose U : C^(G,X) » Y is a bounded linear 

operator. Then there exists a unique vector measure 

pi : E » 3e(X,Y**) such that 

Cl) pi has finite semi -van at ion. 

(ii) For each y e Y , p ^ e MCG.X ). 

y 

(ill) The mapping y * pi ^ is weak to weak continuous from 

y 

Y* to (C (G,X))*. 
o 

(iv) Uf = J f dp for all f e C^(G,X). 

G 

(V) jU| = p(G). 

Conversely, any vector measure pi : E * 3C(X,Y ) which 

satisfies (i), (ii) and (in) defines a bounded linear operator 
U : C^(G,X) * Y by means of (iv) such that (v) holds. 

The following result shows that if pi satisfies the conditions 
of Theorem 3.2.2 then p ♦ f is defined for al 1 f e C^(G,X) as a 
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continuous function. 

Proposition 3.2.3 ; Let pt • E > JC(X,Y ) be a vector measure of 

finite semi -van at ion such that for each y* . ^ c M(G,X*) and the 

y 

* * * |(C 

mapping y > fj ^ is weak to weak continuous from Y to 

y 

(C^CG.X))*. Then for f € C^(G,X) and s e G, 

i{i ♦ f)Cs) = J f(y ^s) dptiy} exists as an element of Y and pt * f 
G 

IS a continuous function on G. 

Proof: Let f g C_(G,X) and s e G Then t_ f € C (G.X) and 

o so 

(/! * fXs) = J f(y ^s) d^(y) 

G 

= J (TgfXy) dp(y). 

G 

Therefore it follows from Theorem 3.2.2 that ipt ♦ f)(s) exists as 
an element of Y 


We shall show that pt * f is a continuous function. 


Let s,t € G. 

Then 


lifl * f)(s) - 

ipt * f)(t)j = if f(y ^s) d^(y) - r f(y ^t) d/i(y)| 


G 

G 


= ij [(XgfXy) - (T^^fXy)] d^(y)j 


1m. 

G 

idl 


= Sup 

y* f J (Tgf - T.j^?)Cy) dp(y)l| 


|y 

V J M 

G 


= Sup 

If “ T+fXy) dp *(y>j 



'g y * 


^ Sup 1 

V - via, !»* .1'°' 


|y^Hi 

y 




which tends to zero as s 


t. Therefore pt * f is continuous. 
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In the following Theorem, we give a characterization of left 

translation invariant operators from C^(G,X) to C^(G,Y) which is a 

key step for the characterization of the space 

Hom'^, CC CG,A>). 

L^(G,A) 

The orem 3.2.4 : Let X,Y be Banach spaces. Suppose 

T : C CG,X) > C (G,Y) is a continuous linear left translation 

o o 

invariant operator. Then there exists a unique vector measure 
fi : E > £(X,Y**) such that 

(i) fj has finite semi-variat ion. 

♦ * 

Cii) M ^ MCG.X ) for each y g Y . 

y 

♦ ♦ * ^ 

(iii> The mapping y 1 ^ ^ is weak to weak continuous from 

y 

Y* to (C^(G.X>)*. 

(iv> Tf = p ♦ f for all f € C^(G,X). 

Cv) |Tj = ^(G>. 

(vi) For each f e C^(G,X) , the mapping s 1 J r^f from G 

to Y vanishes at infinity. 

Conversely, if fi : 2 » £(X,Y**) is a vector measure of 

finite semi“var lat ion such that Cii). (iii) and Cvi} hold then T 
defined by Civ) is a continuous linear left translation invariant 
operator from C^CG.X) to C^CG.Y) such that Cv) holds. 

Proof ; Let e denote the identity of the group G. We define 

U : C CG.X) 1 Y by 

o 

Uf = CTf)Ce) for all f g C^CG.X). 
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Then U is a continuous linear mapping. By Theorem 3.2.2, there 

exists a unique vector measure fi : E » £.(X.Y**) such that for 

each f e C^(G,X), we have 

Uf = J f d/i. 

Since Uf = (Tf)(e), we get that 

(Tf)(e) = (/! ♦ f)(e) . 

Therefore for each f e C^(G,X), 

CTf)(e) = (fi * f)Ce) 

Since T commutes with left translations, for s e G we have 

(Tf)(s) = (T _j(Tf>)Ce) 
s 

= <T(t _jf))(e> 
s 

- i}i * X 

s 

= T ♦ fXe) 

s 

= (p ♦ f)(s). 

Thus we have Tf = u * f for each f e C (G,X) 

o 

Furthermore, (Tf)(s) = ifi * fXs) 

= J f(y ^s) dfiiy) 

- J f(s ^y) dp(y) 

= J dp. 

Since Tf c C^(G,Y), it implies that for each f € C^(G,X) the 
mapping s » J d/i from G to Y vanishes at infinity. 
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Since Uf - (Tf)(e), we get that 

|Uf| = |(Tn(e)| i |T1 |f|^. 

Thus |U| i iTj. (2.1) 


Furthermore, since T commutes with left translations 


m 


Sup 




= Sup Sup l|(Tf)(s)| 
jf|^il S€G 


= Sup Sup |(T (Tf))<e)| 

l^lc scG s~ 


= Sup Sup |j(T(T _.f))(e)| 
jf|^ii seG s 

= Sup Sup |U(T _,f)| i |U| 
seG s 


Therefore m £. |U|. (2.2) 

Combining (2.1) and (2.2), we get |T| = |U| 

By Theorem 3.2.2, = p(G). 

Therefore m = p(G). 

Thus the vector measure fx : £ > 3f(X,Y ) satisfies all the 

conditions (i) - (vi). 

Conversely, suppose ^ : £ » Jt(X,y ) is a vector measure of 

finite semi-var lat ion which satisfies the conditions (ii), (iii) 

and (vi). Then for f e C (G,X), we define Tf = ii ♦ f. By 

o 

Proposition 3.2.3, for each seG, (p * f)(s) exists as an element 
of Y and /i * f is a continuous function on G. ¥e shall show that 
fi * f vanishes at infinity. 


Since (Tf)(s) 


J T^f dp, therefore 


(Tf) € C^(G,Y) for all f e C^(G,X). In 


it follows by (vi) that 
particular Tf = p ♦ f e 
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C (G.Y) for each f € C (G,X) 
o o 

It IS easy to see that T commutes vfith left translations and 

|T| = icG). 

Thus T defines a continuous linear map from C (G,X) to C (G,Y) 

o o 

which commutes with left translations. 

This completes the proof of the theorem 

Remark 3.2.5 : ¥e can analogously characterize the continuous 

linear right translation invariant operators on C^(G,A). 

As pointed out in the beginning of this section that a 

translation invariant operator on C^(G,A) need not be an element 

of Horn . CC CG.A)). In the following Proposition, we give a 

L (G.A) ° 

necessary and sufficient condition for a continuous linear 

operator on C CG,A) to belong to Horn . CC (G,A))* 

° L^CG.A) 

Proposition 3.2.6 : Let G be a locally compact group and A be a 

Banach algebra with a bounded right approximate identity. Let T 
be a continuous linear operator on C^CG.A). Then the following 
are equivalent. 

Cl) T € Hom'^, CC CG.A)). 

L^CG.A) 

Cii) Tz = T T and TCaf) = aCTf) for al 1 f e C^CG.A). a e A 

SB O 

and s e G. 

Proof ; Suppose Ci) holds. Since the linear span of Ibg : b e A, 

g € C CG)| IS dense in C CG.A), it is enough to show that 
” o o 

TCt bg) = X CTCbg)) and TCabg) = aCTCbg)) for all s e G, 

s s 

a, b e A and g € C CG). 

o 
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By Hewitt-Factor izat ion theorem 116, P 270 j there exist 
elements b^, bg e A such that b = 

Also we know that L^(G) ♦ C (G) = C (G) . Therefore there 

o o 

exist function gj e L (G) and e such that g = gj^ * ^2 ' 

Now for s € G, 

T^(TCbg)) = x^CTCb^b^ gj * g^)) 

= Tg(T((bjgj^) ♦ (b2g2))> 

= Ts^^Vl> * 

= CbjCx^g,)) * T(b2g2) 

= T(bjCr^gj) * b2g2> 

= T(T„(bg>). 
s 

Thus , we get that v T = T t 

s 8 

Furthermore , 

T(abg) = T(a bjb 2 gj ♦ g 2 > 

= Ttab^gj * b2g2) 

= (abjgj) ♦ (TCb2g2>) 

= aCbjgj) ♦ (TCb2g2>> 

= aC(bjgj) ♦ (T(b2g2)>) 

= aCTCbjgj * ^2^2^^ 

= afTCbg)). 

This proves (ii). 

Now suppose that (ii) holds. Since the linear span of 
Ibg : b € A, g € L^(G)} is dense in L^CG.A), it is enough to prove 
that T(bg * f) = bg ♦ Tf for ail b e A. g g L^CG) and f e C^(G,A). 



Clearly , 
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T(bg * f> = T(b(g ♦ f)) 
= b(T(g ♦ f)) 


Also 


T(g ♦ f) 


= J gCs) d=] 

= J g(s) T(Tgl) ds 


= J gCs) Tg(Tf) ds 
= g ♦ Tf 


Therefore, T(bg * f) = b(g * Tf) 

= bg ♦ Tf. 


This proves (i) and completes the proof of the Proposition. 

¥e now use Theorem 3.2.4 and Proposition 3.2.6 to give a 


characterization of the space Horn 


^ (C (G,A)). 

L^(G,A) 


3.2.7 ; Let A be a Banach algebra and X be an A-module. Then 
X and X are also A-modules with module action defined as 
fol lows 1 22 J . 

4 4 

Let a € A, x € X and x e X . We define 

Jfc # # 

(a-x )(x) = X (xa) and (x ^aXx) = x (ax) 

44 44 

Let X e A . ¥e define 

icjfe Jk ikJk A AA A AA A 

(a-x )(x ) = X (x -a) and (x -aXx ) = x (a-x ). 

# j|C^ 

In particular, A and A are A-moduies. 

Theorem 3.2.8 : Let G be a locally compact group and A be a 

Banach algebra with a bounded right approximate identity. Let 


T € Hom'^. (C (G,A)>. Then there exists a unique vector 

LXG,A) ° 

measure pi : E * Hom*f(A,A ) such that 


( 1 ) 


pi IS of finite semi-variation. 
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(11 > For each a* € A* . |i * € M(G.A*) 

a 

j|c j|: i|e 

(iii) The mapping a 1 p ^ is weak to weak continuous from 

a 

A* to (C^(G.A))* 

(iv> Tf = fj * f for each f € C (G,A) 

o 

(V) |T| = pCG). 

(vi) For each f e C^(G,A), the mapping s * J x^f d/i from G 

to A vanishes at infinity. 

/ ** 

Conversely, suppose p : T. 1 Hom^^CAjA ) is a vector measure 

of finite semi-variat ion which satisfies (ii), (iii) and <vi). 

I 

Then u defines an element T € Horn, i,_ ,,(C (G,A)) by means of (iv) 

L vG , A> O 

such that <v^ holds. 

Proof : Suppose T € Hom'^, (C (G,A)). Let f e C (G,A), a € A 

L^(G.A) ° ° 

and s € G. Then by Proposition 3.2.6, we have 


T T = T T and T(af) = a(Tf). 

8 S 

By Theorem 3.2.4, there exists a unique vector measure 
< 1:4 

ji : E »■ 3e<A,A ) which satisfies all the conditions (i) to (vi). 

Z ** ' 

Ve need only check that p takes values in Hom^(A,A >. 

— r * ♦ 

Since (Tf )Ce) = 1 f dp, therefore for a e A , 

G 

a*|^(Tf)(e)j = f d/i ] 



In particular, take f = abg where a,b e A and g e C (G) - Then 


a |CT(abg>)(e) 


)-| 


abg dp ^ 
a 
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But a*^(T(abg))(e)j = a* |^(TCa(bg) ) ) (e)j 

= a*|^a(T(bg>(e)j 
= (a*. a) f(T(bg))Ce) 


= J bg dp ^ • 


a ‘a 


« * 

Thus for a, b € A, a € A and g € C^(G), we have 


J abg dp ^ = J bg dp ^ . 


G “ G 

Therefore for all E c E, 


a 'a 


p ^(E)(ab) = p * (E)(b). 

a a ‘a 

where, by definition 

* 

< p ^(E) , ab > = < p(E)<ab) , a > 
a 

and ^ , b > = < p(E>(b) , a**a > 

a -a 

= < a-(p(E)(b)), a*> 

Therefore 

# 4 ^ * 4 : 

< p(E)(ab) , a > = < a-(p(E)(b)) , a > for al 1 a e A - 

Thus for all E € E and a, b e A, we get 


pCEXab) = a-(p(E)(b)). 

jC 

This proves that p takes values in Hom^CA,A ). 

Conversely, suppose p : E * Hoin^(A,A )is a vector measure 

of finite semi-variation which satisfies Cii>, Ciii) and <vi). 

Then for each f € C (G,A), we define Tf = p ♦ f. Now by Theorem 

o 
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3.2.4, T defines a continuous i, ,n.olation invariant 

left trai^® 

operator on C (G,A) such that (V 3 . +hat T is a left 

L (G,A)-module homomorphism. Iti 4 on 3.2.6, it is 

^tev# of Proposition 

enough to show that T(abg) = a(T(;u„^ v, g A and g € C CG) 

« .> for all a, o 


Ve have 


( T ( abg ))(e) = J ab g dp 

= 1« J g(B^) (KE^Jcab, definit'O" of integrBl) 

= a [ 1 .. 

= a J bg dp j 

= a |^CT(bg))(e)j 

Therefore (T(abg))<e> = a |^(T(bg) 3 ^ ^ 


Also for s € G , 


(T(abg))(s) = ix _j(T(abg)) 3^^ 

= (TCt _j(abg))3c^^ 

S 

= (T(ab(t _jg))3c^. 

s ' 

- a(Tb(T _jg>)(fe 3 
s 

= a(T _j(T(bg>)3c^j 
= a(T(bg))(s). 


Therefore CT(abg)>(s) = a(T(bg)>t^^^ 
Hence T c Hom'^, (C (G,A)). 

l\g,a) 
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This completes the proof of the theorem. 

Remarks 3.2.9 : Cl) Let G be a unimodular locally compact group. 

Then as noted earlier C^CG.A) is a right (G, A)-modul e . Using 

the arguments similar to Theorem 3.2 8, we can also characterize 
r 

the space Horn ^ (C (G,A>). 

l\g,a) ° 

C2) The measure pt corresponding to T in Theorem 3-2 8 satisfies 


I >^5^ 


the condition that for each f € C^CG.A), the mapping s • 

vanishes at infinity. We show that if : E > Hom^CA.A > is a 

vector measure satisfying 

(i) For each f g C^(G,A), J f dji exists as an element of A 
and Cii) There exists a finite positive regular measure u sucn 
that 

ij f ^ J |f| 

then the mapping s * J x^f dji vanishes at infinity for each f g 

C^CG.A). Below, we give a proof of this result. 

Since p IS regular, given g > 0 and f g C^CG.A), there exists a 
compact subset K of G such that p(G\K) < Since f g C^CG.A), 

€ 

there exists a compact subset K of G such that 


lor t ^ K' . Then for s t KCK' ) 
therefore 




we have s e G\K' and 


G G K G\K 

i J |fCs”k)| dpCt) + jf|^ pCG\K) 


K 


2 pCG) 


pCG) + |f j 


<s> 


wr^ 


= €. 
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Hence for each f € C^(G,A), the mapping s > J x^f dp vanishes at 

inf inity 

Suppose p IS a regular measure of finite variation. Then the 
variation |pj of p is finite positive regular measure such that 
jj f dpj i J jjf j djpj for each f e C^CG.A). Furthermore, J f dp 

exists as an element of A. Hence in this case, s » J x^f dp 

vanishes at infinity for each f e C^(G,A). 


§3. M (C^(G,A)) 

Let G be a locally compact Hausdorff space and A be a Banach 
algebra. Then C^(G,A) becomes a Banach algebra with pointwise 
multiplication. Lai 123J had investigated the space M (C^(G,A)) 
under the assumption that A is a commutative Banach algebra with 
identity. However, there is a small gap in his proof. In this 
section, we characterize the space M^(C^(G,A)) when the Banach 
algebra A has a right approximate identity. Most of the 
arguments of the proof are taken from 123J. We give the proof for 
the sake of completeness (See also 140J). 

Let C^tG.M'^CA}) denote the space of bounded functions on G to 
s 

M‘^(A>, continuous in the strong operator topology. 

Theorem 3.3.1 : Suppose G is a locally compact Hausdorff space 

and A IS a Banach algebra with a right approximate identity 

Then the space M‘^(C^CG,A)) is isometncal ly isomorphic to 

C^CG.M'^CA)). 

& 

Proof : Let T e M^(C (G,A)>. Suppose t € G and a € A. Let 

o 

f € C (G) be such that f(t) ^ 0. We define 
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h^(t)(a) 

We first show 

Let {e j be a right 
a 


(Taf)(t> 
f (t) 

that h^ IS well defined 
approximate identity of A and g e 


(TafXt) g(t) e = ((Taf)-e gXt) 
a a 


= (T(af-e g)Xt) 
a 


= CT(ag-e f))(t) 
a 

= ((Tag).e fXt) 
a 


= (TagXt) e^fCt) 

= (Tag)(t)f (t)e . 

a 

Since te^ J is a right approximate identity of A, it 
that for all f,g € C^(G) and a € A, 


(TafXt)g(t) = (TagXt)fCt> 


Therefore if f(t) ^ 0 and gCt) # 0, then 

(TafXt) (TagXt) 

frn g(t) ‘ 

This proves that h^ is well defined. 

Next we show that h.^, takes values in M^(A). 

Suppose t € G IS fixed. Choose f e such that f(t) 

I f I = 1 • Then for a , b € A, 

h.j.(t)(ab) = T(abf^)(t) 

= T(afbf)(t) 

= ((Taf )-bf )(t) 

= (Taf)(t)b 

= (h.j.(t)(a))b. 


. Then 


f oi lows 


(3.1) 


1 and 
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Thus IS a mapping from G to M'^(A). 

Also. 

jh.j,(t)(a)J = |(Taf)(t)| ^ STafjj^ ^ jT| jai |f|^ = |Tj {[ajj . 
Therefore 

|h.p(t>j £ JT| for all t € G. 

Hence |h.j, L ^ (3-2) 

¥e shal 1 now show that the mapping h.j. : G > M"^(A) is 

continuous in the strong operator topology 

Let it } be a net in G such that t * t . Choose f € C (G> 

a a o o 

such that f(t ) = 1 and jfS = 1. Then there exists an a such 

O * "CD O 

that f<t ) 0 for all a ^ a . Now if a e A and « i a then 

a o o 

(TafXt ) (Taf)(t ) 

hT(t )(a) = f (t ) ^ f Ct ) ~ h.j.(t^)(a). 

a o 

Therefore the map h^ : G ► M'^(A) is continuous in the strong 

operator topology. 

Next we show that in ^ l»^T8m- 

It can be checked that h.j,(t ) (f (t ) } = CTf){t) for all f € C^(G,A) 
and t c G . 

Thus , 

j(Tf)(t)J i |h.j.(t)| If(t)j| 

Therefore 

lTf|„ i 
PI ^ 


and hence 


(3.3) 
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From (3.2) and (3.3), we get 

in = 

Thus corresponding to T € M'^(C^(G, A) ) , we get a mapping 

h.j, : G ¥ M'^(A) which is continuous in the strong operator 

topology and I^J = 

Conversely, we show that each h e C^(G,M^(A)) gives rise to a 
multiplier T g M'^(C^(G , A) ) . 

Let f G C (G,A) and t G G. Ve define 
o 

(Tf)(t) = h(t)(f(t)). 

Then Tf is a continuous function on G to A. In fact, let it } be 

a 

a net in G such that t > t . Then 

a o 

l(Tf)(t )-(Tf)(t^)j 
" a o ■ 

= |h(t )(f(t )) - h(t^)(f(t^))J 
" a a o o " 

i jh(t^)(f(t^)) - h(t^)(f(t^))j + |h(t^)(f(t^)) - h(t^>(f(t^))f 

s IfCW - - lhCV(f(t^)) - 

^ |h|. 

¥ 0 as t ¥ t • because f is continuous and h is continuous in 

a o* 

the strong operator topology. 

This proves that Tf is a continuous function. 

Furthermore it G G : j(Tf)(t)j 2 :g} e it gG : jf(t) ' ^ FT' = ^ 

Since f G C (G,A), E is compact. Thus it follows that Tf G C (G,A) 
o “ 

for every f g C^(G,A). 

It is easy to see that T(f.g)(t) = 

f, g G C (G,A) and t g G. 
o 


((Tf).g)(t) for all 
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Therefore T e M'^CC^CG, A) ) . 

Also it can be easily seen that = iTi- 

This completes the proof. 



CHAPTER IV 


MULTIPLIERS OF VECTC® VALUED L'’-SPACES 

§1. Introduction 

In this chapter, we study some multiplier problems of vector 
valued L^-spaces. 

Suppose G IS a locally compact abelian group and A is a 
commutative Banach algebra with identity, Tewari, Dutta and 
Vaidya 146J proved that M (L^(G,A)) is isometrical iy isomorphic to 

Y* t 

M(G,A>. Chan I4i characterized the space M CL (G,A)) when G is 
arbitrary and A is a Banach algebra with a minimal approximate 
identity . 

Let G be a locally compact abelian group, A be a commutative 
Banach algebra with identity and X be an A-moduie. Lai I22i 
characterized the space Horn , CL^CG,A) , L^CG.X)) Cl < p < <t>) 

lVg,a) 

under the hypothesis that X and X have wide ENP CSee, §5 of 

Chapter II), In Section 2, we generalize this result and give a 

characterization of the space Hom"^, CL^CG,A) , L^CG,X)) where 

L CG,A) 

G is arbitrary and A is a Banach algebra with a minimal right 
approximate identity. 


# An approximate identity is minimal if lim 
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Let G be a locally compact abelian group and F its dual It 
IS known that if T is a translation invariant operator on L^(G) 
then there exists a bounded measurable function <p on F such that 

-A 2 

(Tf ) = 4^f for all f € L (G) Conversely, every bounded measurable 

o 

function on F defines a translation invariant operator on L (G). 

The proof essentially uses the Plancherel theorem However in the 

vector valued case, the Plancherel theorem does not hold in 

general I37j. In Section 3, we prove that if G is a compact 

abelian group and H is a Hilbert space then the map f * f is an 

2 2 

isometry of L (G,H) onto -t (F,H) Infact, for a compact group G we 

2 

prove an analogue of Peter-¥eyl Theorem for L (G,H)- ¥e achieve 

this by using the ideas of the proof for the scalar case given in 

Sugiura I44i. ¥e have included the proofs as we have not seen 

these results mentioned in the literature. ¥e use these results 

to characterize the space of translation invariant operators on 
2 

L (G,H) where G is a compact abelian group. ¥e also give an 

example to show that this characterization need not hold when H is 
not a Hilbert space. 

52. . (L‘{G.A) , LP(G,X)) 

L (G,A) 

Let A be a Banach algebra. Arens 111 defined two products in 

** ** 

A , the second dual of A. ¥ith respect to each of these A 

becomes a Banach algebra. These are described below. 

♦ ♦ , ♦* I ♦♦ j ^ r * 

For a, b € A, a € A and a , b e A , define (a - a) and 

(a a ) e A by 

♦ ♦ ♦ ♦ 

(a aXb) = a (ab) and (a - a )(b) = a (ba) . 
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Next, define (a** a*) and (a* a**) e A* 


by 


(a 


♦* ♦ ♦ * ♦♦ ♦ 


a)(b)=a (a -b) and (i 


a )Cb) = a (b a )- 


Finally, define (a** o b**) and (a** o' b**> e A** by 
(a** o b**)Ca*) = a**(b** • a*) and 

(a** o' b**)(a*> = b**Ca* a**) 

I|c4c 

It IS known that (A , ©) has a right identity E of norm one 
if and only if A has a minimal right approximate identity. 
Similarly, (A .O') has a left identity E if and only if A has 
a left approximate identity 15, 47 J . 


Throughout the section A denotes a Banach algebra with a 
minimal right approximate identity unless otherwise stated - 

Tomiuk 147J proved that the space of right multipliers 
of A can be embedded in A**. A similar result for M^CA) is also 
obtained. Let n be the natural embedding of A into A . He also 
characterized the space IF € A : a-F e n(A) for all a g A} . 
Chan 14 J used the above mentioned results of Tomiuk to 
characterize the right multiplier space of L^(G,A), where G is a 
local ly compact group. 


Let G be a locally compact group and X be an A~module such 

that X has wide RNP. In this section, we characterize the space 

Hom"^. (L^(G,A) , L^(G,X)).To prove this result, we first 

L^(G,A) 

modify Tomiuk' s 147] results. In particular, we prove that 
P 4 ^# 

Hom'rCA.X) can be embedded in X . Let n' be the natural 
A 

embedding of X into X . We also obtain a characterization of the 
space tF € X : a-F e jt'(X) for all a e A}- 
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We observe that every element of HomJcjtCA) . n'CX)) is of the 
form T some T e Horo^(A,X) Furthermore if T € Hom^<A,X) 

then T ^ Hom^(7t(A) , n'(X)> and T (nCa)) = n'(Ta) for a e 

A In the following Proposition, we show that HomfcA.X) can be 

A 

^ ^ f Ji ■ 

embedded in X . For T € Eom^tA.X). we define an element f"^ e X** 
by 

F^ = T (E) where E is the right identity of A**. 

T 

Proposition 4 >2,1 : The fflappiTi^ T ► F described above is an 

Jt # 

isometric isomorphism of Hom2(A,X) into X 

T 

Proof : It is easy to see that the mapping T * F is linear 

Also, IF^'l = |t"cE)| s |T**| |E| = |T|, 

Therefore If’^I s |t| (2.1) 

Let a € A and x e X . Then 

_T ♦ ♦ 

<a*F , X > = <a»T (E) , x > 

1 ^* * 

= <T (a-E) , X > 

= <T**(nCa) © E> , x*> 

(Note that a • E = n(a) o E) 

= <T (nCa)) , X > 

T ** 

Therefore a-F = T Cit(a)) 

But T**(n(a)) = K'(Ta) 

Hence a-F*^ = jr'(Ta) (2.2) 

Further |Taj = jjt'(Ta)j = ja-F"^! ^ |aj jp"^! 

Therefore |T| ^ IF^I 


(2.3) 



45 


By (2.1) and (2.3), we get that 


|T| = |f‘| 

Hence, Hom^ (A,X) is embedded in X 


Similarly we can embed Hom.(A,X) into X 

A 

p ## 

We denote the isometric isomorphic image of Horn. (A, X) in X under 

A 

the mapping T ^ by 

We shall need the following definitions. 

A 

Definition 4.2.2 : =1F€X :a-F=0 for ail a c AJ 


Definition 4.2.3 


An A-module X is said to be left order free if 


for X € A, xA = 0 implies that x = 0 (See I25j). 

A 

We note that if X is a left order free A-roodnle then = iO j * 

In particular, if A is a Banach algebra with a left approximate 

A 

identity and X = A then N, . . = tO) . This can be seen as below 

V A/ 

A Jt: 4c 

(See also 1471)* Let F € N. . . and a € A . Suppose iu } is a 

(A) a 

left approximate identity of A. Then 


1 im <u 


oc 


a 


F , a > = lim <yt(u ) 0 F , a > 

(X 

a 


= <E' O' F , a > 


= <F , a > . 


Since F € N,*., it follows that u • F = 0 for each a- 
V A^ oc 

Therefore F = 0. 


In particular, if A is a Banach algebra with identity e then 

A 

e • F = F for F € X . Therefore = {01 . 

In the following Lemma, we characterize the subspace 
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IF € X** : a • F e n'(X) V a € Aj of X**. 

Lemma 4.2.4 : Let X be an A-module and F € X**. Then the 

following are equivalent 

(i) a-F e jt'(X) for all a € A. 

Cii) There exist elements T e Horof’(A,X) and G e . such 

A {.X) 

that 

T 

F = F + G. 

Proof : Suppose (i) holds. For a € A, we define 
T(a) = X where a-F = n'(x) 

We shall show that T e Homf’(A,X). 

A 

Let a^^ ,a 2 e A. Then 

■ 

= a^ - n'iTia.^}}. 

We show that a • n'(x) = n'(ax) for a e A and x e X. Let x e X . 
Then 

<a-n'(x) , x*> = <n'(x) , x*-a> 

* 

= <x a , x> 

* 

= <x , ax> 

* 

= <n'(ax) , X > 

Therefore a-ji'(x) = n‘(ax>. 

Thus K'(TCaja 2 )) = n‘ 

Hence T(a.a„) = a,<Ta^> and consequently T e Homf(A,X). 

12 1^ a 
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Furthermore , 


a-F" = n'(Ta) 


(By (2.2)) 


= a F 


(By definition of T) 


Thus a (F-F ) = 0 for all a € A. 

Therefore G = F - f"^ e . Thus we have obtained an 

A T 

element G € such that F = F + G. 

This proves (ii). 

np 1 

Now suppose (ii) holds Let F = F + G where G e N*^j . Then 


for a € A, 


a-F = a F^ + a-G = a F^ 


But by (2.2), 


a-F* = jt'(Ta) 


Therefore for all a € A, 
a-F = n'(Ta) 

Hence a-F e ft'(X). 

This proves (i) and completes the proof of the Lemma. 

We shall now use the duality result for L^(G,X) given by Lai 
I24j (See 2 2.1) to prove the following result. 

Theorem 4.2.5 : Let G be a locally compact group and X be an 

i(c 4^ 

A-module such that X has wide RNP with respect to the left Haar 
measure. Suppose 1 < p < <» and T e Horn . (L (G,A), L (G,X)). 

l\g,a) 

*p A 

Then there exists a unique g € L^(G , -^(X) ^ ^(X)^ such that 
Tf = f ♦ g for all f € L^(G.A). 



48 


Conversely, if g e L^CG , then there exists a 

T € Hom'^ (L^(G,A) , L^(G,X)) such that Tf = f ♦ g for all 

L^CG.A) 

f € L^(G,A). 

Proof : Let be an approximate identity of L^(G) of norm 1 and 

le } be a minimal approximate identity of A. Then If = e g } is 
a a a a 

a minimal approximate identity of L^(G,A). Let (it'(Tf ))(s) = 

a 

n'(CTf )(s)) for all s g G. Then In'CTf )j £ L^(G,X**> = 

a a 

(L^ (G,X*))*. Thus in'(Tf^)j is a bounded net in CL^' (G,X*) )* . 

Hence by Banach-Alagl on' s theorem, there exists a subnet of 

iK'(Tf )} (which for notationai convenience we again denote by 
a 

♦ 

in'(Tf )}) such that tn^(Tf )} converges in the weak topology to 

Of Of 

a function g g L^(G,X**) Let h g L^(G), a g A and k g L^ (G,X*). 
Then 

T((a h) ♦ f ) » T(a h). 

a 

Therefore n'CTC(a h)*f ) » n'(T(a h)). 

a 

Next , 

Iim <n'(TC(a h) * f )) , k> = lim <ji'(Ca h) ♦ (Tf )) , k> 

Of oc 

a Of 

= iiiii <n'(h ♦ a (Tf )) , k> 

Of 

a 

= lim <h ♦ ft' (a (Tf )) , k> 
a 

= lim <a •ic'(Tf ) , h*k> 
a 

Of 

= lim cjc'(Tf )) , (h*k)-a> 
a 
a 

= <g , h ♦ (k-a) > 

= <h ♦ g , k'a> 

= <(a h) ♦ g , k>. 
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This implies that jt'(T((a > (a h>* g. Also 

n'CTCCa h)*f^)) » n'(T(a h)) in the norm. 

Therefore for all a e A and h e L^(G) 

n'(T(a h)) = (a h)*g. 

Since the linear span of {a h . a e A, h € L^(G>} is dense in 
L^(G,A), it follows that K'(Tf) = t*g for all f e L^CG.A). In 
view of the identification of X and n'(X), we write Tf = f*g. 

Next we show that g g L^’cG , ^tx)^' Lemma 4.2 4, 

it IS enough to prove that a-g e L^(G , k'(X)) for all a g A. Let 

♦ * ♦♦ 

• A > X /n'CX) = Y be the canonical mapping. Let 

h^ = ^Ca-g). Then h e L^CG.Y) e L^CG.Y**) e (L^'cG.Y*))*. 

B. £L 

Let k G L*^ (G,Y ). Then it is easy to see that g ♦ k » k in 

a 

L*^ (G,Y ). Therefore by Hewitt factorization theorem, we have 
L^(G) * L^ (G,Y*) = L^ CG,Y*). Hence there exist functions kj e 
L^(G) and 6 L^'cG.Y*) such that k = k^ * 

Now <k , h^> = <kj ♦ k^ , (ip(a g))> 

= <k 2 , kj ♦ tp(a g)> 

= <k2 , ^C(ak^) ♦ g)> 

= <k 2 , tpC (n' (TCakj ) ) )> 

= <k2 , 0> = 0. 

Hence a-g g L^CG , it'(X)) for all a g A. This implies that 
g G L^CG , 

Conversely, suppose g e L^(G , ^ ^ 

L^(G,A>, define Tf = f*g. By Lemma 4.2.4, T defines a mapping 
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from L (G,A) to L^CG,X) It is easy to see that 

T G Hom'^ (L^(G.A) . L^CG.X)) 

L^(G,A) 

Furthermore, it is easy to see that in = 

This completes the proof. 

Chan I4i considered the case p = 1 and characterized the right 

multipliers of L^(G,A) He obtained the following result. 

Theorem 4.2.6 : Let G be a locally compact group. Let T e 

(L^(G,A)). Then there exists a unique measure (i e M(G,A^*°^) 

such that Tf = f* /j. Conversely, if g M(G,A^®^). Then T defines 

a right multiplier on L^(G,A) by Tf = f* p for al 1 f g L^(G,A). 

Here, A^®^ denotes the isometric isomorphic image of M^(A) in 

♦♦ ( ffi > if, 

A under the mapping T » T CE) . In our notation A = A , . . 

v.A> 

Using the ideas of the proof given by Chan I4j and applying Lemma 
4.2.4, we can prove the following Theorem 


Theorem 4.2.7 : Suppose G is a locally compact group and X is an 

>e 


A-modu 1 e . Then Horn 


, (L^CG.A), l‘(G.X)> s M(G , Af^.+ . ) 

L^CG.A) 


Since L^CG,X) £ M(G,X**) = (C^CG.X*) )* . 


The duality result 


for C^(G,X> does not require any condition on X. Therefore in 

** 

Theorem 4.2 7, we do not require X to have wide RNP. 

By similar analysis, we can obtain right versions of Theorems 
4.2 5 and 4.2.7. 


If we take X = A, Theorems 4.2.5 and 4.2.7 reduce to the 


fol lowing. 
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Corollary 4.2.8 : Let G be a locally compact group. Then 
'C 1 

(i) Horn (L (G.A) . L^CG.A)) st L^CG . A^, .) (1 < p < ®) if 

L^G.A) CA) 

A has wide RNP. 

(Note that = 10} since A has an approximate identity). 

X*" 1 

(ii) M (L (G,A)) & MCG, (As remarked earlier, this result 

\yas proved by Chan 14J)* 


If A IS a Banach algebra with identity. Then we have seen that 

A jf 

“ 10} In this case, the space can be identified with 

X. This can be seen as follows. 


Let F e A 


(X) 


Then e-F = F . By Lemma 4.2.4, e F € n'(X>. 


Hence F e jt'lX) Conversely, suppose F e n'(X) then a-F € ir'(X) 

f jf 

for all a € A. Again by Lemma 4 2.4, F g Therefore A'^^j = 

t 

n'(X) Hence A^^^^ can be identified with X. Thus in this case, 
Theorems 4 2.5 and 4.2 7 reduce to the following. 


Corollary 4.2.9 : Let G be a locally compact group, A be a Banach 
algebra with identity and X be an A-module. Then 

(I) Hom'^. (L^CG,A> , L^(G.X)) Sf l’^CG.X), 1 < p < <d if X** 

L (G,A) 

has wide RNP. 

(II) Hom'^ <L^CG,A) . L^(G,X)) a M(G.X) 

L^(G,A) 

Lai 1 22} obtained (i) when G is a locally compact abelian 
group, A is a commutative Banach algebra with identity and X is an 

i|c 

A-moduie such that X and X have wide RNP. However, one could 
see that his proof works if wide RNP of only X is assumed. 


u LL An\%- 

t « T.. KANPUR 




Tcmm 
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§3. An Analogue of Plancherel Theorem and Translation Invariant 

Operators on L^(G.H) 

We have already observed that for a locally compact abelian 
group G, Plancherel theorem is the mam tool for the 
characterization of translation invariant operators on L^(G) 

Let G be a compact abelian group and H be a Hilbert space. 

In this section, we give an analogue of Plancherel theorem for 
2 

L (G,H)- We achieve this by proving an analogue of Peter-Weyl 
2 

theorem for L (G,H) on a compact group G Using the analogue of 

2 

Plancherel theorem for L (G.H), we characterize translation 

2 

invariant operators on L (G,H). 

For unexplained notation and terminology, see Sugiura 144J 
Throughout the section, G denotes a compact group unless otherwise 
specified. The set of all equivalence classes of irreducible 
unitary representations of G is denoted by G and is called the 
dual object of G. We recall the Peter-Weyl Theorem, see I44j. 

Petei — Weyl Theorem 4.3.1 : Let denote a matricial 

unitary representation for each class X e G and let d(X) be the 
degree of U^. Then | -fdix) ; X e G, 1 s i,j i d(X>| is a 

2 XX 

complete orthonormal set in L (G) . If H^^ = space 

generated by then L^<G) = i * 

XeG i,j = l •' 

Definition 4.3.2 : Let H be a Hilbert space. Define an inner 

2 

product in L <G,H) by 

J 2 

<f(s),g(s)> ds for f,g € L (G.H). 

G 
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Then L (G,H) becomes a Hilbert space with this inner product. 

We use Theorem 4 3 1 to prove the following analogue of Petei — Weyl 
Theorem 

Theorem 4.3.3 Let H be a Hilbert space and {e : « e A) be a 

■ a 

complete orthonormal set in H. Then the set 

^ >|d(X) e^ ^ij' 1^1, d(X) 

2 

IS a complete orthonormal set in L (G.H). 


Let space generated by e^ 


Then 


XeG aSX i , J = 1 ^ 


Proof : It IS easy to see that the set 

E = I .fdTx) ^ G. a€A. i:Si.ji d(X>| 

IS orthonormal. We shall show that the set E is complete. 

Since the set of finite linear sums of the form E a^ € H and 

f € L^(G) IS dense in L^(G,H) , it suffices to show that af 

^ 2 
belongs to the closed linear span of E for each f € L (G> and a € 

H. Furthermore, since the linear span of ® ^ dense in 

H, it IS enough to show that e^ f belongs to the closed linear 

span of E for each f € L^(G) and e^, a e A 

Let f € L^(G) and e > 0. By Theorem 4.3.1, choose 

r p q 

where X^ e: G, 1 ^ p, q ^ "f ‘ ~ 1*2, ‘ 
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such that 


P q 


- E I 1 f,., u J,|, < 

k=! 1=1 ■>“' *'2 


Therefore 


P q 


< e. 


' JM k?i "'^*2 

This proves that | .fTO) • k € G, o c A, 1 s 1,3 s dH) 

a complete orthonorma! set in L^(G,H) and 

0 d(X) . 

L (G,H) = ® hV® 

XgG o(GA 1 > j — 1 ^ 

Definition 4.3.4 : Let f e L^(G,H) and g e L^(G>. Define 


(f.g) = J fCt) get) 


dt 


We note that the integral exists and defines an element of H 

We also observe that <f , e > = <(f,U^ ) , e>. 

a ij ’ ij ’ a 

2 

Remark 4.3.5 : Suppose f e L (G,H). By Theorem 4.3,3, 

d(X) 


t = ? d(X) T I <f , e U'" > e 

- rv^A T i-l « oc ij 

X X 

= I dtk) I I «f.u2 ) . e > e^ 

Xe5 = ‘ 

dCX) r X X 

I d(k) E I E, . V^.J 

t 1 , j=l oeA ^ 


ij 


XeG 


d(X) 


Therefore f = 5] dCX) J] (f,U .) U . 

>. 1 1=1 

XeG ^ ^ ^ 


d(X) 


I tf.u* ) ^dTx) u* 
i.j=i 


IS 
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Since the set | : X € G, Is,, j s d(lA is orthoncrnel . 

it f ol lows that 



We also remark that the definitions and techniques used in 
this section are adopted from the book Sug'iura 1441 in which 
scalar version of these results are discussed 

Definition 4.3.6 : Let f e L^(G,H). For X € G. we define f(X> as 
the matrix of order d(X) with entries from H, whose i.j^^ entry is 
given by 

PHtj ' ‘"-“o'- 

A 

The function f is called the Fourier transform of f. 


Definition 4.3.7 : 
H. We define |A|^ 

In particular. 


Let A = be a n X n matrix with entries 

n 


E Kjl * 

i.j=i ^ 

o ci C X ) -v , 


in 


Definition 4.3.8 : Let M (H) denote the set of n x n matrices with 
n 

2 * 

entries in H. Let L (G,H) be the set of all functions 4 > ob the 

dual object G with values in the set U such that 

n=l 


(i) 4»CX) e for each X e G and 

(ii) d(X) j^iCX)!^ < ®- 
XeG 
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It can be checked 

that L^<G,H) IS a Hilbert 

space With the 

inner 

product defined by 

<4> , ^> = ^ d(X) 

Trace 

r<i>(x)-cv(x))^i 

V J 

where 

^ "V 

XgG 




|^^(X)J denotes the transpose of fiX) 

Also 

if A = ia^jj 

, B = 

lb j € M (H) then 

1 j n 



T 

Thus A B IS a 

n X n 

scalar matrix. 





Note that if 4> g 

(G,H) then = J] 

d(X) 

E 

d(X)|[<^(X)]^^|2 



A 

XeG 

1 . J=i 



= E 

dCX) 

j<^CX) 



\gG 

Ve now prove the following Theorem - 


Theorem 4.3.9: The Fourier transform f » f is an isometry of 

2 2 ■* 

the Hilbert space L CG,H) onto L 

, d(X) . , 

Proof: Since Jfj; = Y. dCX) I <^See Remark 4.3.5). 

^ 1 -, = 1 
XeG ’ ^ 

■* 2 

Therefore the mapping f » f is an isometry of L (G,H) into 

2 ^ 

L (G,H). We shall show that this mapping is onto. 

2 

Suppose e L (G,H). Then the series 

d(X) f 1 

)l€G 

X€G 

2 

defines an element f € L since 


dCX) f \ *y 2 

I da)lU(x)j,j|^ = E, 

X£G ISG 


< <3D. 
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Also for 1 i 1 . j i d(X). 

2 

Thus we have obtained an element f g L (G,H) for which 

f(x) = <t>i\y 

If we take G to be a compact abelian group then we get an 

2 

analogue of Plancherel Theorem for L (G,H) which states: 

Theorem 4.3.10 : Let G be a compact abelian group with dual F and 

H be a Hilbert space Then the Fourier transform f * f is an 

isometry of L^(G,H) onto ^^(F.H). 

The following example shows that the Theorem 4.3.10 need not 
hold if H IS not a Hilbert space. 

Example 137j : Let T be the circle group and p > 2. Choose a 

2 

sequence i } e -t*’ \ -C . 

Define F : T > by 

F(t) = IX e^“^} Then F e L^(T , and 

n 

fck) = jF(t) dt . dt 

= f n^kn}* 

|Kk)|^p = |k^|. 

Therefore £ jF(k)j^ = Y. ®* 

k k 

Hence F ^ 

Remark 4.3.11 : F.J. Ruiz Blasco and J.L. Torrea 137J had 

2 

obtained the Plancherel theorem for the spaces V «(G> (introduced 

C f 

2 

by Phillips 1321) which contain the spaces L (G,B> where G is a 
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locally compact abelian group and B is a Banach space. 

We use Theorem 4 3.10 to give a characterization of 

translation invariant operators on L^(G,H) 

Theorem 4.3.12 : Suppose G is a compact abelian group with dual T 

and H IS a Hilbert space Let T be a bounded linear translation 

2 

invariant operator on L (G,H). Then there exists a bounded 
function : r — ^ £(H) such that (Tf)(y) = 4>iy)itiy}) for al 1 f € 
L^CG.H) 

Conversely, every bounded function from T to J&(H) defines a 

2 

bounded linear translation invariant operator on L (G,H). 

2 

Proof : Suppose T is a translation invariant operator on L 
f € L^(G) and g € L^(G.H) Then 

T(f*g) = T(J f(y> Tyg dX(y)) 

= / f(y) T(t g) dX(y) 

= / f(y> T (Tg> dX(y> 

Jf 

= f*Tg. 

Thus we see that , 

TCf*g) = f*Tg for f e L^(G) and g e L^CG.H) (3.1> 

2 

Let ■y e r. Choose f e L (G) such that f(y) = 1. For x e H, we 
define 

4>(y>(x) = CT(xf)) (y). 

In view of (3.1), it follows that 4> is well defined. Further, 

j4>(T)<x)I = iT(xy) (y)J i lT(xy)jj :S |T(xy)j 2 |T| |x|. 

2 

Therefore : T — * X(H) is a bounded function. Let g e L (G) . 
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Then 

(T(xg)) iy) = fiy) (T(xg)) ( 7 ) 

= (f*T(xg)) iy) 

= (T(f*(xg)>) iy) 

= (g*T(xf)) C^) 

A. 

= 4>(ir) (xgC^) ) . 

2 

Since the linear span of Ixg : x € H, g € L (G)j is dense in 
2 

L (G,H) » have 

iTfSiy) = for all f € L^(G,H). 

Conversely, suppose • F — » 3K(H) is a bounded function For 
f € L^CG.H), define 

tpCT^ = (f (y) ) . 

2 

Then it is easy to see that € ‘t (F.H). By Theorem 4.3 iO, there 

2 

exists a unique function F e L (G,H) such that Fiy) = yCy) for all 
•y € F- Define Tf = F. 

2 2 

Thus we get a mapping T : L (G,H) — * L (G,H) such that 

(Tf)(y> = (f(y)) for all f e L^(G.H) and y e F 

It IS easy to see that T is linear and commutes with 
translations. We shall show that T is continuous. 

By Theorem 4.3.10, we have 

jTf |2 = |<Tf >|2 for all f € L^(G,H). 
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But |(Tf)jl2 = (E 

1 

s (E 
If 

^ l^loj 8^82 
= 8<^8^ 8^82 

Therefore jTf82 ^ 8^8<p 8^82 

Thus the bounded function 4 > from T to 3E(H) defines a bounded 

2 

linear translation invariant operator T on L (G,H) such that 
(TfScif) = for all f e L^CG.H) and y e T. 

The following example shows that Theorem 4 3.12 need not be 
true if H. IS not a Hilbert space. 

Examp 1 e : Let G = T be the circle group and B = p < 2 . 

¥e shall define a bounded mapping T — » £(B) and construct a 

2 

function f e L (G,B) for which there does not exist any f e 
L^tG.B) such that F(y) = 41(7) (f(y)) for all y e T 

Let X be an arbitrary element of -C . For k e Z, define 
4»(k)(x) to be the element of ^ in which o^^ and k^^ entries of x 
are interchanged. 

More precisely, 

l<^(k)(x)i = X if m jt 0 or k 

H ) jsl 

= X if m = k 
o 

= Xj^ if m = 0. 

Then j4i(k)Cx)jp = l^8p' Therefore ^(k> e 3C<B) for each k e 2 
and j4>|^ = 1 . Thus the mapping F — » 3 &(B> is bounded. 
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Let be the element of such that 

(e ) =1 if m = 0 

o m 

= 0 otherwise. 


Choose a sequence la^^l e . Let g € L^(G) be such 

g(k) = .Then 

(e^g(k))J^ = g(k) if m = k 
u in 

- 0 otherwise 
. <s> 

Let H(t) = la„ e^’^ j . then H(t) ^ J(F for all t 
Hence H ft L^(G, -C?) but H € L^(G,-t^). Further, 

n/i X r 1 , -ikt 

H(k) = J ta^ e 1 e dt 


Let 

does 


= {a 

Therefore 
f = e^g 
not exist 


6, j"® 
n kn -<» 

H(k) = «(k) (e^g(k)). 

Then by uniqueness of 
2 o 

any F e L (G, Zr) such 


for all keZ 
the Fourier transform, 
that FCk) = 4)(k>CfCk)>. 


that 


G G 


there 



CHAPTER V 


ISOMETRIC ISOMCmiia^ 

§1. Introduction 

Several isomorphism theorems have been obtained for various 
algebras of functions and measures on locally compact groups. Let 
G, Gj , Gg be locally compact groups Wendel 151 J proved that if 
there exists a norm decreasing isomorphism of L^CG^) onto L^CGg) 
then the groups G^ and are topologically isomorphic. 
Strichartz 143J and independently Parrott I29j considered the 
situation when the groups G^'s are compact and established the 
result when L^CG^^ ) and L^(G 2)5 lip<®, p?E2 are isometrical ly 
isomorphic. Gaudry I14j proved the same assertion from the 
hypothesis that there exists an isometric isomorphism of MCL^fG^^)) 
onto M CL^(G 2 ))- The crucial step in solving these problems was 
to give a characterization of isometric multipliers of L^CG) . It 
IS known that for i ip p?£2, the isometric right 
multipliers of L^<G} are of the form c 5^ where c is a scalar such 
that jcj = 1 and 5^ is the Dirac measure with unit mass at t e G 
(See 129J and 1511). Parthasarathy and Tewari 1311 proved the 
result for a class of Segal algebras. 

The above results motivated us to develop a similar theory in 
the vector valued case. In Section 2, we determine surjective 
isometric multipliers of L^(G,A). Let G be a locally compact 
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abeiian group and A be a commutative semi -s imp 1 e Banach algebra 
with a minimal approximate identity. ¥e prove that surjective 

isometric multipliers of L^CG.A) are of the form F 5^ where F is 
an isometric multiplier of A onto itself and t € G. 

Ve know that if the algebra A has identity then multipliers 
of A are given by elements of A. Let 1(A) = ia € A: a defines an 
isometric multiplier on A}. Precisely, 1(A) = la e A: a is 

invertible, |aj = ja ^5 = IJ- Thus in the case when A has an 

identity, surjective isometric multipliers of L^(G,A) are of the 
form a 6 ^ where a g I (A) and t € G. 

Throughout the Chapter, by multipliers of L^(G,A). we shall 
mean (G, A)-moduie homomorphisros of L^(G,A). 

Let G be a measure space and X be a Banach space* ¥e say 
that L^(G,X) satisfies the property 'C' if every isometry of 

L^(G,X) maps functions of almost disjoint supports to functions of 
almost disjoint supports. Let G be a locally compact abelian 
group and A be a commutative Banach algebra with a minimal 
approximate identity. In Section 3, we determine surjective 
isometric multipliers of L^(G,A), under the assumption that 1 < p 
< a>, p # 2 and L^(G,A) satisfies the property 'C' . In fact, we 

prove that every surjective isometric multiplier of L^(G,A) is of 
the form F 6^ where F is an isometric multiplier of A onto itself 
and t G G. ¥e also give the conditions on a measure space G and a 
Banach space X such that L^(G,X) satisfies the property C . 

Let A , A.J be commutative semi-simple Banach algebras with 

X « 

identity such that does not contain • In other words ^A^ does 
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not contain any two vectors x, y such that Jax + jjy j = jaj Jxg + 
1^1 1^8 for all scalars a and jS Let I denote the closure of 
the linear span of I(A^) Note that l'(A^) is a Banach algebra. 
In Section 4 , we prove that if there exists an isometric 
isomorphism of L (G^.A^) onto L^(G2,A2) then the groups G^ , G2 are 
topologically isomorphic and the algebras l'(A,>, I*(A_) are 
isometr ical ly isomorphic. 

Vendel 151 j gave an explicit characterization of isometric 
isomorphisms of L^CG^) onto L^(G2>. Let the algebras A be such 
that I (A^) IS equal to We prove that it tp is an isometric 
isomorphism of lUg^,A^) onto L^(G2.A2) then there exists a 
topological isomorphism of G^ onto G2, an isometric isomorphism 
F of Aj onto A2 and a continuous mapping ^ of G^ into ICAg) such 
that (^f>( 4 >(s)) = c /?(s)F(f(s)) a.e. for al 1 f e L^(.G^,A^) where c 
is a unique positive constant. Conversely if F, and c are as 
above then ip defined by (^pf)( 4 t(s)) = c p(s)F(fCs)) a.e. for 
f e L^(Gj,Aj), IS an isometric isomorphism of L^IG^.Aj) onto 
L^(G2.A2) 

Strichartz I 42 j and independently Johnson 118 J proved that 
every isometric isomorphism of MIG^ ) onto M(G2) maps L^CG^) onto 
L^CGg)- Ve prove, using different techniques, that every 
isometric isomorphism of M<G^,Aj) onto M(G2>A2) maps L^(Gj,Aj) 
onto L^<G2,A2>- Conversely, every isometric isomorphism of 
L^(Gj^,Aj^) onto L^(G2.A2) can be extended to MCGj,,Aj^> as an 
isometric isomorphism of M(Gj,Aj) onto M(G2,A2). 
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§2. Isometric Multipliers of {G,A) 

Let G be a locally compact abelian group and A be a 
commutative semisiniple Banach algebra with a minimal approximate 
identity. In this section, we give a characterization of 
isometric multipliers of L^(G,A). We shall need the following 
characterization of multipliers of L^CG.A) due to Chan 14 j. We 
state the result in the form in which we shall need it. 

Theorem 5.2 1 : Let T be a multiplier on L^(G,A). Then there 

exists a unique p e M (G,M(A)) such that Tf = f * p for all f c 
L^CG.A) 

Conversely, every measnre p € M <G,M(A)) defines a multiplier 
on L^(G,A) by Tf = f ♦ p for all f e L^<G.A) 

Furthermore , in = M- 

We shall also need the following definitions and observations. 

Definition 5.2.2 : Let X be a Banach space A measure p e M(G,X) 
IS said to be discrete if it is concentrated on a countable set. 
The set of all discrete measures in M(G,X) is denoted by M^CG,X). 

A measure p e MCG,X) is said to be continuous if p({sl) = O for 
every s € G. The set of all continuous measures in M(G,X) is 

denoted by M (G,X>. 

c 

Observations 5.2.3 : (1) Each p € M^(G,X) is of the form 

p= Y, where t^'s are distinct. We also have jpj = £ bjii • 
n ^n 

C2) It can be seen as in the scalar case that each p e M(G,X) can 
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be written as p = where e M^(G,X). e M^<G,X) and 

= Ip'J " bd«- 

(3) Suppose G 13 a locally compact abelian group and A is a 
commutative semi-~simple Banach algebra Since A is semi-simpi e , 
it foiloifs that L^(G,A) is semi--siinpi e 119J. Let T be an 
isometric multiplier of L^(G,A) onto itself. Suppose F denote the 
dual of G and A(A) denote the maximal ideal space of A Let f € 
L^CG.A), r € r and e A(A). Then 

jC?Tf)(y,4») j = 131J 

We shall need the above observations to prove the following 
result . 

Theorem 5.2.4 : Let G be a locally compact abelian group and A be 
a commutative semi-simple Banach algebra with a minimal 
approximate identity. Suppose T is an isometric multiplier of 
L^CG.A) onto itself. Then the measure corresponding to T given as 
in Theorem 5.2. i is of the form F 5^ where F is an isometric 
multiplier of A onto itself and t e G. 

Conversely, if is of the form F 6^ where F is an isometric 
multiplier of A onto itself and t € G then defines an isometric 
multiplier of L^(G,A) onto itself. 

Proof: Let T~^ denote the inverse of T. Then T ^ defines an 
isometric multiplier of L CG,A) onto itself. Let p and p be the 
measures corresponding to T and t”^ respectively. Then for 
f € L^CG.A), 
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Therefore , 


1 _ j4> (i(7)(f(y))) 

^ F^CfCy))) 

n 


4>(f(y)) 

7(tj) 4>(Fj(fCy))) + 7(t2) 

4'(F2(f(y))) yCt^) ^-CF^CfCy))) 

n>2 4>(f(y)> 

4>(f Cy)) 


4> (F CfCj))) 

= Y, 

n 4»Cf(y)) 

Si E fF I = 1 (cf Larsen 127, p. iSJ). 

n 

Therefore 

yit^> ^'CFjCfCx))) ^(F2(f(7)))| y(tj) 4»(Fj(f(7))) 

TTtp' 4><F2(f(7))> 
4>(fCY>> 

This implies that 

70 ^) 4.(Fj(f(r))> ^ ylT^ HF^iUy})) ^ ^ ^ 

«|>(f(y)) ^ ^•CfCy)) ^ 

Thus for all 7 € T and 4> e A(A) , we have 

y(t2-tj) 4* (Fj(f(7))) 4> (F2CfC7)>) ^ 0 
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Let a € A be such that ^(a) ^ 0 Then 

yCta-tj) 4, (a Fj(fC?)>) 4 (a F 2 (f(Y>)) 0 

A 

Since Fj , Fg ^ ^ifiyyy ^ 0, it follows that 

3 r(t 2 ~ti) 4 > (F^(a)) tp iF^i&y) i 0 for all 7 e F- 

In particular, if we take y to be the identity of F then 

4 > (Fj(a)) <p iF^i&yy i 0. 

Therefore, we get 

^Ct 2 “tj) k 0 for all ^ € F. 

It follows that tj = t 2 . 

This proves that ^ = F where F e MCA) and t e G. Since |ji| = 1, 
it follows that 5F| = i- Also jj is invertible and Jp = 1. 

Thus it follows that F is invertible and fi ^ = F ^ ^ t hence 

JF = i This proves that F is an isometric multiplier of A 

onto itself. 

Conversely, suppose ^ is of the form F where F is an 

isometric multiplier of A onto itself and t g G. Ve define Tf = 
t * pt for all f € L^CGjA). It is easy to see that T is an 

isometric multiplier of L^CG,A) onto itself. 

Remarks 5.2.5 : (1) In Theorem 5.2.4, we characterized the 

surjective isometric multipliers of L^(G,A). It is known that if 
A IS a commutative, semi-simple, regular and tauberian Banach 
algebra then so is L^(G,A). Thus by Theorem 1 of 131 j, every 
isometric multiplier of L^(G,A) is surjective. 
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C2) The arguments for the proof of Theorem 5 2 4 go through if 
instead of L^(G,A) we take Segal algebra S(G,A) consisting of 
vector valued functions whose multiplier space is isomorphic to 
M (G,M(A)). In particular, if A has identity then surjective 
isometric multipliers of S(G,A) are of the form a 5^ where a e 
1(A) and t e G 

¥e define Segal algebras consisting of vector functions and 
quote some properties of S(G,A) needed for the above result. 

Definition 5.2.6 : Let S(G,A) be a subalgebra of L^(G,A) 

satisfying the following properties. 

(i) SCG,A) IS dense in L^CG.A) in the norm topology of 
L^(G,A) and is a Banach algebra with some norm I’jg- 

(ii) S(G,A) is invariant under translations and ft^ffg = 
for every t € G and f € S(G,A). 

(ill) For every f e S(G,A), the mapping t — » x^f is continuous 

from G into S(G,A) with j norm. 

(iv) For f G S(G,A) and a G A, af G S(G,A) and 

^ i“i his- 

Some properties of S (G,A) 5.2.7 ISO] : 

(1) There exists a constant c such that jfjj c jfjg for all 
f G S(G.A) 

(2) Let f G S(G,A) and p G M(G,A) then f * p e S(G,A) and 

1^ * ^^lls ^ fit'll' 

In particular, S(G,A) is an ideal of L^(G.A). 

(3) The maximal ideal space of S(G,A) is homeomorphic to F x A(A) . 
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(4) If A has identity then the set if e L^G.A) : JFf has compact 
support} IS dense in S(G,A) 

§3. Isometric Multipliers of L’^CG^A) 

Let G be a locally compact abelian group and A be a 
commutative semi— simple Banach algebra with a minimal approximate 
identity- In this section, we characterize surjective isometric 
multipliers of L^(G,A) under the assumption that l<pc<», p^2 
and L^(G,A) satisfies the property 'C' - 

Let G be a measure space and X be a Banach space ¥e discuss 
below some conditions on G and X such that L^CG.X) satisfies the 
property 'C'. 

Suppose G is a <;-finite measure space and X is a separable 
Banach space which is not an -t^-direct sum of two non-zero Banach 
spaces. Then it follows from the proof of Theorem 5.2 of I4ii 
that L^(G,X) satisfies the property 'C' . 

If H is a Hilbert space then we prove that L^(G,H) satisfies 
the property 'C'. The proof uses the arguments similar to those 
given for the proof of Lemma 22 135, P. 415} , See also 13J. 

Proposition 5.3.1 : Let G be a measure space and H be a Hilbert 
space. Suppose 1 p < <®, P 2 and T is an isometry on L (G,H} 
If f , g € lP(G,H> have almost disjoint supports then so do Tf and 

Tg. 

Proof : ¥e first show that f and g have almost disjoint supports 


if and only if 
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|f+gj^ + jf-gjP = 2 Jf|P + 2 |g|P (3 1) 

It IS easy to see that if f and g have almost disjoint supports 
then (3.1) holds . 


Conversely, suppose (3.1) holds Then 


Jj^jjf(s) + g(s)|P + |f(s)-g(s)p ds = 2 J jf(s)p + jg(s)pjds 


(3.2) 


Note that if a,b ^ 0 then 

^ (a+b)^ for p i 1 

and a^ + b^ i (a+b)^ for 0 i p < 1 

Suppose ^ ^ 1 s e G such that f(s) # 0 and g(s) 0 

'P 

the map t * t forr>lis strictly convex, v?e have 


B P 

j |^|f(s) + g(s)jj^j^ + i [|f(s) - g(s)j^j^ 

£ 

> jf(s) + g(s)5^ + j |f(s) - g(s)j^j^ 

£ 

= ^ fig(s)|2]2 

i |f(s)jP + 8g(s)8P (By (3.3)) 


(3.3) 

(3.4) 
Since 


Therefore for p > 2, we have 

8f(s) + g(s)8^ + |f(s) - g(s)p > 2 |f(s)p + 2 |g(s)|P 

whenever f(s) ^ 0 and g(s) # 0. Thus if (3.2) holds, for almost 
all s e G either f(s) = 0 or g(s) = 0 Hence f and g have almost 


disjoint supports. 
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Now suppose ^ < 1 aiid s € G such that f(s) 0 and gCs) ^ O 

Using the strict concavity of the map t » t^ for r < 1 and 

(3 4), we again conclude that if (3.2) holds then f and g have 
almost disjoint supports. 

Now the proof of the Proposition is an easy consequence of 
(31). If f and g have almost disjoint supports then (3.1) holds. 
Since T is an isometry, it follows that 

|Tf * Tg|P ♦ |Tf - Tgl^ =2 |Tf|P * 2 |Tg|P 

It again follows from (3.1) that Tf and Tg have almost disjoint 
supports . 

This completes the proof of the Proposition. 

Throughout rest of the section^ G denotes a locally compact 
abelian group and A denotes a commutative Banach algebra with a 
minimal approximate identity. Suppose L^(G,A) satisfies the 
property 'C '. We characterize surjective isometric multipliers 
of L^(G,A) In fact, we prove that every surjective isometric 
multiplier on L^(G,A) maps n L^(G,A) onto n L^(G,A) and 

preserves the L^-norm. Consequently it can be extended uniquely 
to L^(G,A) as a surjective isometric multiplier of L^(G,A). Using 
the characterization of surjective isometric multipliers of 
L^(G,A) obtained in section 2, we get the required 
characterization of surjective isometric multipliers of L^(G,A). 
To prove this result, we first prove a Lemma. We shall need the 
fol lowing result for the Lemma whose proof is similar to the proof 
of Proposition 3.2.6 and is therefore omitted. 
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Proposition 5.3.2 : Let T be a continuous linear operator on 

L CG,A) (1 ^ p < oo) Then the following are equivalent. 

(i> T € Horn (L^(G,A)) 

L^(G,A) 

(11) Tt^ = r^T and T(af) = a(Tf) for all f c L^CG.A), a e A 

and s € G 

We now prove the following Lemma. By X we denote the Haar 
measure on G 

Lemma 5.3.3: Let T be an isometric multiplier of L^(G,A). Let 
a € A and C be a measurable subset of G such that XCC) < a> Then 
for almost all s e G there exists a measurable subset D of G with 
X(C) = X(D) and elements b(s) e A with |b(s)| = |a| such that 

(TCa Xq))(s) = b(s) Xjjts). 

Proof ; We take a representative of the class T(a x^) e L^(G,A) 
and denote it by TCa x^) itself. We define 

(TCa 

= |T(a xgf(s) -f}- "" 

= X otherwise, where x € A with jxj = 1 

Therefore 

(TCa <3.6) 

and |E(s)j = 1 for all s eG. 

n 

Let y Of Xr’ be a scalar valued simple function where C.'s 

1 1 w 

1 

are pairwise disjoint We define 

<F< E «iXc = TiT E almost all 

1=1 ' ^1 ® • 1=1 1 


s e G. 
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Since L^CG.A) satisfies the property 'C' , T(a Xr (1 i i s n) 

1 

have almost pairwise disjoint supports and therefore 



Hence 1|F( I <x Xq >llp = 8 E K‘ 

Note that F is linear on simple functions. By Proposition 

5.3 2, T commutes with translations Therefore F commutes with 

translations. Hence F can be extended to L^(G) as an isometric 

translation invariant operator. By Theorem 1 of 131 j, there exists 

a constant a e € of modulus one and s e G such that F = a . 

° ®o 

By definition, 

(F(Xf,))(s) = ylj |(T(a almost all s € G. 

A1 so, 

CFCx0)>Cs) = Tg (Note that a = 1 since a > O and ja{=l> 

o 

- 

Therefore , 


J(T(a Xc >>^®>8 = 8^1 


a.e* 
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But from (3.6) 

(T(a Xc>><s) = E(s) jTCa Xc>>(s)J 

= E(s) Jag Xe, p(s) a.e. 

Let b(s) = E(s) |aj and D = s^C. 

Thus (T(a x^))(s) = b(s) Xjjts) a e. , where 

|bCs)| = (a) for ail 8 e G and X(C) = X(D) . 

This completes the proof of the Lemma. 

Theorem 5.3.4 : Let T be a surjective isometric multiplier on 
l’^(G.A). Then T maps L^ n L^(G,A) onto L^ n L^iG,k) and preserves 
the L^-norm. 

n 

Proof : Let 7! be an A-“valned simple function where C 's 

1=1 ^ ^1 ^ 

are pairwise disjoint. Then by Lemma 5.3.3, for almost ail s € G 
there exist disjoint measurable sets with X(C^) = X(D^> and 

elements b^(s) e A with |jb^(s)| = |a^J such that 

(T(a^ Xc = b^(s) Xj) <^s) 

1 1 


Then 



= Z hjl hjy li 

1 = 1 1 


= I IXc li tsince X(C^) = X(D^)) 

1 = 1 1 

- I E s xc «i 

1 = 1 1 
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n 

Thus 8T( ^ 

1 = 1 



n 


J E 


a 


1 


Xc 8 


1 ‘ 


Therefore T can be uniquely extended to L^(G,A) as an 
isometric multiplier of L^(G,A) Consequently T maps n L^CG.A) 
into n L^(G,A). 

Replacing T by T v#e can similarly show that T ^ maps 
n L^CG,A) into L n L^(G,A) Therefore it follows that T maps 

L n L^CG,A) onto L n L^(G,A} and preserves the L^-norm. 


This completes the proof. 


As an application of Theorems 5.3.4 and 5.2.4, we obtain the 
following result. 


Theorem 5.3.5 ; Let G be a locally compact abelian group and A be 
a commutative semi-simple Banach algebra with a minimal 
approximate identity Suppose 1 <p<<D, P5^2 and L^(G,A) 
satisfies the property 'C' . Then every surjective isometric 
multiplier of L*’(G,A) is of the form F 5^ where F is a surjective 
isometric multiplier of A and t e G. 

Proof : Let T be a surjective isometric multiplier of L^(G,A). 
By Theorem 5*3 4, T maps L n L^(G,A) onto L n L (Gj^A) and 
preserves the L^^norm* Therefore T can be nniQiieiy extended to 
L^(G»A} as a surjective isometric ronltipiier of L (GjA)* It now 
follows from Theorem 5*2*4 that T has the required form* 
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§4. Isometric Isomorhisms 

Throughout the section denote locally compact abelian 

groups with Haar measure X,, X, respectively and A,. A„ be 
commutative semi-simple Banach algebras with identity such that 

In this section, we prove some results about isometric 

isomorphisms of L^CG ,A ) onto L^(G_,A ) 

Ve prove that if there exists an isometric isomorphism of 
onto L^(G2,A2) then the groups G^ ^ G2 are topologically 

4 t 

isomorphic and the algebras I (A^), I (A2) are isometricai ly 

f 

isomorphic. In the case when I (A^) = A^ , we give an explicit 
characterization of an isometric isomorphism of L^CG^jA^) onto 

We also prove that every isometric isomorphism of M(Gj^sAj^) 
onto MCG2JA2) maps L^CG^.A^) onto L^(G2.A2). 

The main result of the section is the following Theorem. 

Theorem 5 . 4.1 : Let ^ be an isometric isomorphism of L^(Gj,A^) 

onto L^CG2,A2) Then there exists a topological isomorphism of Gj 

4 * 

onto G2 and an isometric isomorphism of I CA^^) onto I ^ 

Proof : Let e, e' , e^^ and Cg denote the identities of C-j# ^ 2 * "^1 
and A^ respectively* ^ can be extended to M(L ^ M(Gj,Aj> 

as an isometric isomorphism ip^ of M(Gj,Aj) onto M(G2»A2) 
defined by ^j(T> = ^ T ^ ^ for all T € M (L (Gj.Aj)). 
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Let B € G Then 5^) is an isometric nmltiplier of 

L (Gj ,Aj) Hence there exists an element <p(.s) € and an element 
^(s) e I(A 2 ) such that ^^Ce^ 6^) = ^(s) Thus we get 

mappings <t> : G^ > G^ and /5 . G^ ^ I(A 2 ) It is easy to see 

that 4> is a homomorphism and ^(st> = p(s) p(t) for s, t € G . 


We now show that <p is continuous Suppose not Then there exists 


a net is } E G, such that s 
a 1 a 


e and a neighbourhood W of e' 


such that g V for each a. Let f € L (G^.A^). Then 


6 * f 

s 

a 


f in the norm of L iG^ ,A^) . 


Since 9 IS cont moons, it follows that 


tp (S ♦ f) 
s 

a 


^(f) in the norm of 


Now (e, 6 )} £ M(G^,A^) £ M(G^,A^ ) = (C (G^,A^)> . Therefore 

^IlS £ A £ I O £ £ 


2’ 2 


o' 2^ 2^ 




im,(e.6 )i can be considered as a bounded net in (C (G^,A^)) . 
1 s o 2 2 

a 

Hence there exists a snbnet of )} (which we continne to 

a 

4c ifc 

denote by ^ measure p e M(G2.A2 ) such that 

a 

3|c j|c 4^ 

> converges to p in the weak topology of CC^(G2,A2)) - 
a 

Let g G C^(G2,A2) Then 

<tpf , g> = lim <v»(ej 5 g * f) , g> 
a a 

= lim <Vj(ej 6 g ) ♦ Vf , g> 


= lim 5g ) , g ♦ Cvf)>- 


Note that we have considered A„ and A„ as A 2 ”modules and 


consequently g ♦ (^pf) € 
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Furthermore , 


1 im ) , g * iipf)> = < ^ , g ♦ (ffif)> 

a a 

= < II * xpf , g> . 

Therefore * f) converges to jx * ipf m the weak* topology 

a 

■ Also lPjC®j 5g * f) converges in norm to tpf. 

a 

Therefore , 


♦ ^f = yf for all f G L^(G^,A^) 
Since %> IS onto, it follows that 

p ♦ g = g for all g € L^(G 2 ,A 2 ). 


Therefore ^ = e_ 5 , . 

M 6 

Since V, (e. 6 „ ) = Bis ) 6 ., it follows that Bis ) S^, . 

I I s ^ (X 4>is j ^ a 4 ^kb ) 

a a a 

converges to ^2^e' weak topology of (C^(G 2 .A 2 )) • Now we 

choose a function f € C (G„) such that f<e') = 1 and Supp. f £ W. 

o 2 

* 4: 

Also choose an element a g A 2 such that a (© 2 ) # 0. Then 

fC<|>(s )) a*( B(s )) » a*(e„>f(e'). 

a ^ a 2 

But by our choice of s^, 4 >Cs^) ¥ for each a. Since Supp. f E ¥, 
it follows that f( 4 »(s^)) = 0 for each a. But a*(e 2 )f(e') jS 0. 
This contradiction proves that 41 is continuous. 


¥e now show that 4 > is bijective. First, we prove that if 
G I(Aj) then there exists an element a 2 € KAg) such that 

»,(aj = aj 8^, 

Since i».(a. 8 ) ib an isometric multiplier of L^CG^.A^). there 

1 e ^ ^ 

exist a 2 € I(A 2 ) and t € G 2 such that 5^) = ^2 claim 
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that t = e'. Suppose t e' . 

Since 5^) = 5^, , therefore for X, p G C, 

V?jCXaj + pej)5^) = >> ^2 6^ + p e^ 5 ^. 

Since IS an isometry, it follows that 

|Xaj + pej = jxj + jpj . 

Therefore the space generated by la^.e^} is isometricai ly 

2 2 

isomorphic to -tj . This contradicts that ^ . Therefore 

t = e' 

— 1 2 

Replacing by and using the fact that Ag , we can 

show that if a 2 g I(A 2 ) then there exists an element a 2 € I(Aj^) 
such that ^Ca„ 5 ,) = a. 6 . 

X G 1 G 

To show the injectivity of 4>, we must show that if s g G such that 
<^(s) = e' then s = e. 

Now 

^e' * 

Therefore Cp(s)) ^ 6 ^, * ” ®2 ^e' ‘ 

Let a G I(Aj) be such that p(s)) ^ > = a 

Then y^Ca 5^) * VjCCj 5^) = 62 5^. • 

Therefore ^jCa 6 ^) = ^2 ' 

Since is an isomorphism, it follows that a = e^ and s = e. 

Suppose t G G 2 Let p\t) e KA^) and g G^ be such that 

# 

Ve prove that is surjective by showing that 4> C<l> (t>) = t. 
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From (4.1), we have 


CpU))-‘ 63 . 5 ,, = e, 

Let a' e I(A 2 ) be such that ip^(Cp (t))~^ 6 ) 
Then 


^ ^e' 


^j^(a 6p,) ♦ 5^) = e, 5^, 


1 V(t) 


Thus 



(a'6^) 


V(t) 


Therefore ^4»'(t)^ ~ ^t ‘ 

r 

Henc <j> <.4> (t)) = t. 

Replacing tp^ by ^ « we can show that 



IS continuous. 


Thus we have proved that ^ is a topological isomorphism of onto 

i 

Suppose a G I (A. ). Let ia } be a sequence in the linear 

1 n 

span of KA.) such that a » a. Let Ib^j be the sequence in the 

1 n n 

linear span of such that ” ^n^e' ' Since is 

continuous, it follows that “ ^n^e' ^e^ ‘ 

Since ip^ IS an isometry, it follows that ja^-a^l = ^ ® 

t 

as n,in » 00 . Hence there exists an element b g I ^-^ 2 ^ such that 

b^ i b. Therefore, we get that yj,(a 6^) = b 5^, • 

Thus we have proved that if a g I (A^), then there exists an 
element b g I (A- 2 ) such that ^pjCaS^) = b5^, . 

We define F : I'cA^) » I (A 2 ) by 

F(a) = b where ipj(a 6^) = b 6^, • 
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t 

It IS easy to see that F is an isometric isomorhism of I (A^ ) onto 

1 

This coropietes the proof of the Theorem. 

Reroa-rks 5.4.2 Cl) In Theorem 5.4.1, the aigehras A are such 
2 

that -Cj 5 ^ and C(G) , for a compact space G are commutative 

2 

Banach algebras with identity which do not Note that no 

2 

strictly convex space can contain 

(2) The proof of Theorem 5.4 1 holds even if we replace L^CG^,A^) 

by vector valued Segal algebras SCG. ,A^) whose isometric 

multipliers are of the form a 5. where a e I(A ) and t e G . 

1 t^ 11 11 

It follows from the results of section 2 that if M <S(G,A>) 
IS isomorphic to M(G,A) then isometric multipliers of S(G,A) are 
of the form a 6^ where a € ICA) and t e G. 

If G is a non-compact locally compact abelian group and A is a 
commutative semi-simple Banach algebra with identity then it is 
shown in I50j that the multiplier space of the following Segal 
algebras is isomorphic to M(G,A). 

(i> n Co<G.A) 

(ii) L^(G,A), 1 < p < <0 

Clii) A (G,A> = If e L^(G.A) : f G CT.A)}, 1 ^ p < cd. 

P 

Therefore Theorem 5.4.1 is applicable to all the cases mentioned 
in (i), (li) and ( 1 1 1 ) . 

We now give some examples of commutative Banach algebras with 

f ^ 

identity for which I CA) = A and also others for which I CA) ^ A. 
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Examp 1 es : ( 1 ) Let A be the algebra with multiplication 

defined by convolution ¥e know 151 J that isometric multipliers of 
A are given by c >^bere k € Z and c is a constant with jcj = 

i. The linear span of 1(A) which is the set of sequences having 
finitely many non-zero entries, is dense in >t^<2) Hence in this 

f 

case I (A)=A. 

(2) Let G be a compact Hausdorff space Let A = C(G} . We 
consider pointwise multiplication in CCG) . It is known that the 
isometric multipliers of A are given by continuous functions on G 

f 

having absolute value one. Thus I (A) is a closed subalgebra of A 
which contains conjugate of its functions, the constant function i 
and separates points. Hence I (A) = A. 

(3) Let G be a non-discrete locally compact abelian group. Let A 
= MCG) with multiplication defined by convolution. Then it can be 
shown as in the proof of Theorem 2 of 131J that the isometric 
multipliers of MCG) are of the form c 5^ where c is a constant 

t 

with |cj = 1 and t e G. I (A) is the set of all discrete 

t 

measures. Hence I (A) ^ A. 

We have seen in Theorem 5.4.1 that if there is an isometric 

isomorphism ip of L^CGj,Aj) onto L^(G 2 ,A 2 ) then ip can be extended 

to MCGj.Aj) as an isometric isomorphism of MCG^.A^) onto 

M(G 2 ,A 2 ) defined by ^Pj(T) = ^ T for T e M (L^CGj,Aj) We also 

get the mappings 4> • * ^2 ^ ^1 * ^^^2^ such that 

(e.5> = eCs) 6^, ,• We shall prove that every isometric 

’^l 1 s 4»Cs) 

isomorphism of MCGj,Aj) onto M(G 2 ,A 2 ) maps L CGj,Aj) onto 
L^CG_,A„). This implies that there exists a one-to-one 

correspondence between isometric isomorphisms of L onto 
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L^(G2,A2) and isometric isomorphisms of MCG^.A^) onto M(G2,A2>. 
To prove this result, we first prove the following Lemma. 

Lemma 5 . 4.3 • The mapping s » j?(s) from G^ to KA^) described 

above is continuous. 


Proof : Since is continuous, the mapping s * is 

X 1 i s 

continuous from G^ to the space M CL^CG2.A2)) m the strong 
operator topology Also since 4 > is continuous, the mapping 

s » 6 IS continuous from Gj^ to M (L^<G2 jA 2)) m the strong 

operator topology. Therefore the mapping 


s — ^ ^1^®! 

IS continuous from 
topology . 


6 

«^(s > 


Gj to M CL (G2.A2> 


in the strong operator 


Since VjCe 5 ) ♦ e 5 = pCs) 6 ♦ 62 ^ 

<J>(s) (pis ) 

= PCs) 5 ^,. 

Therefore the mapping s > pCs) is continuous from to 

M CL^(G.j,A_)) in the strong operator topology. 

Let s, t e Gj and g g L^(G2)* Then 

llPCs) 62 g - P<t) e2 g|j 1 0 as s > t. 

Therefore for y e Tg 

PCs) gC^) » pet) gCir) as s » t 


This proves continuity of the mapping p. 
¥e now prove the following Theorem 
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Theorem 5 4.4 ; Let tp be an isometric isomorphism of MCG^.A^) 
onto M(G 2 ,A 2 ) Then ip (L^CG^.A^)) = L^(G 2 ,A 2 ) 

Proof : Let e, e , e. and e. denote the identities of G. , s A. 

1 ^ i 2 1 

and Ag respectively Since y is an isometric isomorphism of 
M(G^,Aj) onto M(G 2 ,A 2 ), therefore as in the proof of Theorem 5.4 I 
and Lemma 5.4.3 there exists a topological isomorphism 4 ^ of Gj 
onto G 2 and a continuous mapping of G^ into I(A 2 ) such that for 
s c Gj 

ipCe, 5^) = p(s) 

-1 ' 
Similarly by considering ^ we shall get a continuous mapping jS 

of G„ into ICA.) such that for t € G„ 


ip~Ue^ a. )= p\t) 6 . 

^ ^ 4 >~ Ct) 

Next we show that if f € L^CG^.A^) then the map t 
continuous from G2 to MCG2,A2). 


Since T^(^f) ~ ^t * 

_ I ' 

and Ip (e„$. )=p(t)5 . 5 

^ ^ 4> it) 


therefore 


Hence 


T. = V fp a j * «pf 

^ t 4 , Ut)J 

= p [pit) a . ♦ f 1 

V <p ^(t) ^ 

= Ip fp (t) T fj 

V 4 , ^it) J 

- Vf| = |» - ”^1 


T^t^f) IS 
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= jv [p (t> (T - <■] I 

<p (t> J 

= (t) (t _ f) - fj 


4> (t) 


Ct) T 


-1 ^ -1 ^8 1 11 ^ 1 ^ 

0 ^t) ^ <irht) ^ 


= IIP (t) - e^l |f|j + It f - fj 

4> (t) ^ 

xhicti tends to zero as t » e^ because p and <p ^ are continuous 

and translation is continuous in L^(G ,A ). 

It now follows from Theorem 4 of 1451 that tpf e L^(G ,A_) 

jif dL 

Similarly we can show that ^ € L*(Gj,Aj) for g € L^CGg.A^). 

Hence xp (L^CG^.A^)) = L^(G 2 ,A 2 ). 


Using the techniques similar to those in Vendel 1511, in the 
following theorem, we describe the nature of an isometric 
isomorphism of L^CG^.A^) onto L^(G 2 ,A 2 )- 


Theorem 5.4.5 : Let ^ be a topological isomorphism of G^ onto G 2 , 
F be an isometric isomorphism of A^ onto A 2 and p be a 
continuous mapping of G^ into I(A 2 ) with p(st) = p(s) p(t) for s,t 
e Gj^ . Suppose c is the unique positive constant such that = 

c X 2 (^CE)) for all Borel measurable subsets E of G^ . Then U, 
defined by (Uf)(<^(s)) = c p(s) F(fCs)) a.e. for f e L^CG^.A^) and 
s e , IS an isometric isomorphism of L^CG^.A^) onto L^CG 2 ,A 2 >- 
Furthermore, if i\a^> = A^ then any isometric isomorphism U of 
L^tGj.Aj) onto L^(G 2 .A 2 ) is given in this form. 

Proof : Let f. g g L^(Gj,A^> and s G G^ . It is easy to see that 
U IS linear on L^CGj.A^^)- Ve now show that U(f4g) = CUf)*(Ug). 
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By definition, 

(U(f*g))(4>Cs)> = c ^(s) F((f*g)Cs)) a e. 

= c p(s) J f(st)g(t~^)d XjCt)l 

= c pis) J F Cf(st)) F (g(t“S)d Xj(t) 

Gt 

= c~^ J j^c ^(st) F(f(st))jj^c p(t“SF(g(t“^))jd Xj(t) 

= c~^ J Uf (4>(st>) Ug ((<|^Ct~^)>d Xj(t) 

= I Uf i4>is)(}>ii)) Ug ((0(t))~^)d X 2 (<J>Ct)) 

^2 

(since Xj(E) = c X2(4'tE))) 

= ((Uf) ♦ (Ug))(<^(s)). 

Furthermore , gUfJ^ = Iffii* 

Next we show that U is onto. Let h g L^(G 2 jA 2 ). Ve define a 
function f e L^(Gj^,Aj) by 

f(s) = c~^ F~^ |^p(s~S h((J>(s))j for almost all s e G^ . 

It can be easily seen that f g L^(Gj,Aj) and Uf = h. 

Therefore U is an isometric isomorphism of L^(G25A2) such that for 
h G L^(G 2 ,A 2 > and s G G^ , (U“^h)(s) = c“^ F ^ |^^(s h(^(s))j a.e. 

t 

To prove the second assertion, let I tA^) = A^ and y 
isometric isomorphism of L^(Gj,Aj) onto L (G 2 »A 2 )- Then we know 
from the proof of Theorem 5.4.1 that there exists a topological 
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isomorphism <p of onto G^, an isometric isomorphism F of onto 
and a continuous map p of into KA^) with pCst) = pCs) ^(t) 


for s , t e G^ such that for a e A^ , 


Ip X. y) = pa > X 


4 >a) 


and Ip a. y) =FCa)I , 


(4 2 ) 


where I is the identity operator on L (G2)A2). 

Let c be the unique positive constant such that Xj(E) = 
cX^ C<^(E)) for all E e E Define U by (Uf)( 4 .(s)) = cpCs) FCf<s)> 
a.e for al 1 f € L^CG^.A^) and s e G^ , 

Then for each h g L^CG2.A2), 

(U U“^h) (<i)(s)) = U"^hj (4»(s)) 

= c p(s) ^ (s)j 


= c ^(s} F^^cu'^h) (t ^s)j 

= c ^(s) f|^c"^ F“^^pCs”^t) hC 4 >Ct~^s))Jj 

= pa) h(4)(t“S Ms)) 

= pa) (<i>(s)). 


Thus we have 


U U ^ = pa) x^^^y for t € Gj. 


Also for a € A^ , 


CU a U ^h) (M 8 >> = ^ (Ms)) 


pis) F^ 


(a U h)(s) ; 
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= c ^(s) F^a c ^ F~^^^^Cs ^)hC4>Cs))jj 
= F(a) h(4)(s)). 

Therefore U a U ^ = F(a) I 

and U U'l = get) 

From (4.2), it follows that for t € Gj and a e , we have 

11 ii~i -1 

U U = tp V 

and UaU^ =yaip^ 

Therefore 

and ^p^Ua = a 

Let S = ^ Then S = T^S and Sa = aS 

It follows from Proposition 5.3.2 that S is a multiplier on 
L^CGj .A^). 

Therefore for f, g € L^CG^jA^,) 

S(f ♦ g) = f ♦ Sg. 

Also S IS an isomorphism of L^CG^jA^) onto itself, therefore 
S(f * g) = Sf ♦ Sg. 

Thus we have 

Sf ♦ Sg = f * Sg. 

Since S IS onto, it follows that 

Sf ♦ k = f * k for f, k € L^CG^.A^)- 

Therefore Sf = f for all f € L^(Gj,Aj>. 

Hence S = is the identity operator on L^CGj.A^). This proves 

that U = ^. This completes the proof of the theorem. 



CHAPTER VI 


BIPOSITIVE IS(H)RPHI91S 

§1. Introduction 

We begin with some definitions 

Let G, Gj , denote locally compact groups. 

Definition 6.1.1 : A mapping T : L^CG^ > > called 

positive if for f € L^CG^ ) and f i 0 almost everywhere, we have 
Tf i 0 almost everywhere. 

Definition 6.1.2 : A multiplier of L^(G) is called a positive 

multiplier if it is a positive operator - 

Definition 6.1.3 : A mapping ip : M (L^(Gj>) * M (L^CGg)) is 

called bipositive if »pCT) is a positive multiplier if and only if 
T IS a positive multiplier of L^IG^). If m addition, ip is an 
isomorphism then ip is called a bipositive isomorphism. 

Kawada I20i initiated the study of bipositive isomorphisms. 
He proved that if there exists a bipositive isomorphism of L fG^) 
onto L^CG^) then G^ and are topologically isomorphic. Edwards 

112] showed that if G^ , G^ are compact groups and if there exists 
a bipositive isomorphism of L^CGj ) onto L^CGg) (1 ^ P < then G^ 
and G 2 are topologically isomorphic. Later, it was established by 
Gaudry 1141 that the groups G^ . G^ are topologically isomorphic if 
there a bipoarttve .somorphisa of M CL^CG,)) onto M CL^tG^)). 
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In each of these results, the characterization of positive 
multipliers of L^CG) plays a significant role. Brainerd and 
Edwards 12J proved that if G is a locally compact abelian group 
then the positive multipliers of L^tG) are given by positive 
measures in MCG^ . This result for a compact group G was proved by 
Edwards I 12 J 

In order to give meaning to the concept of positivity in the 
vector valued case, we shall deal with Banach lattice algebra 
valued function spaces 

For the definitions and results about Banach lattice 
algebras, we refer to Schaefer 138J. 

Definition 6.1.4 : Let A be a real vector lattice. A norm j-| on 
A IS called a lattice norm if jxj £. }y| implies that Jxj A |y| for 

ail x,y € A (jxj denotes the modulus of x). If in addition, 

(A, 1*1) is complete, then A is called a Banach lattice By A^ we 
denote the set of ail positive element of A. 

Definition 6.1.5 : A real vector lattice A is said to be 

-C^-re/at j veiy complete if 0 i x <: X x where x , x € A and 

n n n 

1 ® 

{ € -t , implies the order convergence of J] x^. 

Definition 6.1.6 : Let A be a real -relatively complete vector 

lattice- Let A^ = A + lA denote the complexif ication of the 
vector space A. Then for z = x + ly € A^, the supremum 

jzj = Sup J (Cos 0)x + (Sin ©>y| (1.1) 

0^ei:2n 

exists in A. Moreover, the following properties of modulus 


function z 


jzj are easy to verify. 
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(1) 

1 2 } = 0 if 

and 

only if 2 = 0. 


( 1 1 ) 

!«zl = jaj 

hi 

for all a e C and z e 


(ill) jZj^+Z^j i j 


+ h2l f°r all Zj , z^ 

€ Aj. 

The 

comp 1 ex 1 f 1 cat 1 on 

of 

the vector lattice 

A endowed 


modulus function is called a complex vector lattice. 

If A IS a norined lattice then we define J • | on by 

l|z| = I hi 8 for 2 e \ (1-2) 

It IS easy to see that if A is complete then A^ is also complete. 
By a complex Banach lattice, we mean the complexif ication A^ of a 
Banach lattice A endowed with the modulus function (1.1) and the 
norm (1.2). 

Definition 6.1.7 : Let A be a Banach algebra and a Banach lattice 
such that jxy| i jxj jyj for all x. y € A then A is called a 
Banach lattice algebra. 

Definition 6.1.8 : Let A be a Banach lattice algebra An element 
e e A IS called identity of the Banach lattice algebra A if ex=x 
for all X e A. 

It can be checked that if A is a Banach lattice algebra then 
its compl exif icat ion A^ becomes a Banach algebra and is called a 
complex Banach lattice algebra. 

We give below some examples of Banach lattice algebras. 

(1) Let G be a topological space. Let C^(G) denote the space of 
all bounded real valued continuous functions on G. ¥ith 
pointwise multiplication, supremum norm and the usual 
ordering, C^(G) becomes a Banach lattice algebra with 
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identity 

(2) Let G be a locally compact group. Let L^(G) denote the space 
of real valued functions integrable vfith respect to the Haar 
measure on G. Then L^(G) becomes a Banach lattice algebra 

Iv 

with convolution as multiplication and the usual ordering 

I' 

<3> 138, P 297 J Let X be a normed vector lattice Let £ (X> 

denote the vector space of linear operators on X possessing a 
decomposition T = ’^2 positive and 

continuous 3£^CX) becomes a Banach lattice algebra "with the 
usual ordering and the norm 

= inf PpTzl 

where the infimuro is taken over all such decompositions 

Let ky k , denote Banach lattice algebras with identity. 

1 . 2 

, ' 4 ** 

A function f e L (G,A) is said to be positive if fCs) e A for 
almost all s € G. A multiplier T of L^(G,A) is said to be 
positive if Tf IS positive whenever f is positive. A measure p e 
M(G,A) IS called positive if it takes its values in A . 

In Section 2, we characterize positive multipliers of L CG,A). 
Infact, we prove that positive multipliers of L^(G,A) are given by 
positive measures in M(G,A)* 

LbI the algebras A/s be such that inverse of each positive 
invertible element of A^ le positive. Let J*(A^> denote the set 
of all positive invertible elements of A^ , In Section 3, ue prove 

continuous bipositive isomorphism of L tGj.A,) 


that if there is a 
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onto L then there exists a topological isomorphism of 

onto and a continuous bipositive isomorphism of A, onto A . As 
in the isometric case, we give a characterization of continuous 
bipositive isomorphisms of L^G^.Aj) onto L^(G 2 ,A 2 ) Using 

similar techniques as in Theorem 5.4 4, we prove that any 
continuous bipositive isomorphism of MCG^.A^) onto M(G 2 .A 2 ) maps 
L^CGj.Aj) onto L^(G 2 .A 2 ). 

§2. Positive Multipliers 

Throughout the section, G denotes a locally compact group and 
A denote a Banach lattice algebra with identity. 

In the following Theorem, we determine the positive 
multipliers of L^(G,A). 

Theorem 6.2.1 ; The positive multipliers of L^(G,A) can be 

identified with the positive measures belonging to M(G,A). 

Proof : Suppose T is a positive multiplier on L^(G,A). Let p be 

the measure in M(G,A) corresponding to T. Let 

approximate identity of l\g> consisting of positive elements. 

Suppose e denotes the identity of A. Then if^ = becomes an 

approximate identity of L^CG,A) consisting of positive elements. 

Let f € C'‘^(G) . Since L^(G) ♦ C (G) = C CG) , there exist functions 
c o o 

k € L^(G) and h e C CG) such that f = k ♦ h. 

o 

Since k * fi e L^(G,A), it follows that 

f * k * fj » k ♦ fi in the norm of L^CG.A). 



96 


Since M(G,A ) = (C^CG.A >)*. if g € C^(G,A*) and e' is the 
identity of G, then 

(f^ ♦ k * ♦ g)(e') » (k ♦ ^ * g)(e'). 

For s € G, we have f ♦ t g = r (f * g) Therefore 

s s 

(f ♦ k ♦ Ji ♦ g)(s) » (k ♦ ♦ g)(s) for all g € C (G,A*>. 

^ o 

Let a e A and g = a h. Then 

a*[^(f^ ♦ k * ^ ♦ h)Cs)j 1 a*j^(k ♦ ^ ♦ h)(s)j. 

Therefore 

a*|^(f^ ♦ f ♦ ^)(s)j » a*J^(f ♦ ^i)(s)j 

Since f ♦ f G L^(G,A> and TCf ♦ f) = f ♦ f ♦ it follows that 
<x <x a ^ 

a*j^CTCf^ * i‘))Cs)j » a*|^(f * ^i)(s)j. 

¥e note that for each a, ♦ f is positive almost everywhere. 

Since T is positive, it follows that TCf * f) is positive almost 

oc 

Hh 

everywhere. Further, T(f ♦ f) = Tf ♦(fe) is continuous and A is 

a a 

closed, therefore (T(f ♦ f))(s) g A^ for all s g G. Thus 

a 

i(T(f * f))<s)} IS a net of positive elements of A which 

« 

converges weakly to (f * fi)is) for each s g G. It follows from 
Corollary 138, P 89J that for each s G G, (T(f^ ♦ f))(s) 

converges to Cf * #i)(s) in the norm of A. Since (T(f^*f))(s) € A 
and a'*’ is closed, (f ♦ fj)(s) g a"^. Thus we have proved that for 

each f G 0*^(0) and s g G, (.f * fi) (s) € A* . Therefore 

c 

(f ♦ ^)(e') = J f d^ G A^ for each f G C^(G) . 

+ 

Ve now show that for each Borel measurable set E, jiCE) G A . 
Let tf } be a sequence of functions in C^tG) such that f^ » Xg 
in L^C|/l|). Then J f^ d/i » J = IJCE). Therefore /liE) c a"^. 
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Hence ^ is & positive measure. 

Conversely, suppose is a positive measure in M(G,A>. Let 

Tf - f ♦ p for all f € L (G,A). It can be easily seen that T 
defines a positive multiplier on L^(G,A). 

Remark 6.2.2 : Let G be a locally compact abelian group and A be 
a commutative Banach lattice albegra with identity If SCG.A) 
denotes a Segal algebra consisting of vector valued functions 
whose multiplier space is isomorphic to MCG,A), then we can show 
that the positive multipliers of S(G,A) are given by positive 
measures in MCG,A} . Infact, the arguments of the proof of Theorem 
6 2.1 go through once we observe that S(G,A) contains an 
approximate identity consisting of positive elements. This can be 
seen from the following Proposition. 

1 

Proposition 6.2.3 : Let f € L (G,A) be such that f has compact 
support. Then f e S(G,A). Furthermore S(G,A) contains an 
approximate identity consisting of positive elements. 

Proof : Since A contains the identity, A(A> is compact. 
Therefore 3Ff has compact support. It follows from 5.2 7 C4> that 
f € S(G,A) 

Next we show that S<G,A) contains an approximate identity 
consisting of positive elements. Suppose is an approximate 
identity of L IG) such that g^ ^ 0 almost everywhere and g^ has 
compact support for each « (See, Theorem 33.12 of 116J). Let e 
denote the identity of A. Then {f^ = approximate 
identity of S(G,A) such that e A for almost all s € G. 
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§3. Bipositive Isomorphisms 

Throughout, the section denote locally compact groups 

and Aj , denote Banach lattice algebras vjith identity such that 
inverse of each positive invertible element is positive. In this 
section, we prove some results about bipositive isomorphisms 
Following IS the main result of this section 

Theorem 6 . 3.1 : Suppose ip is a continuous bipositive isomorphism 

of L^CGj.Aj^) onto L^(G2,A2) Then there exists a topological 
isomorphism of G^ onto G2 and a continuous bipositive isomorphism 
of Aj onto A2 . 

Proof : Let e, e' , e^ and denote the identities of G^ , 
and A2 respectively, ip can be extended to M (L^CG^.A^)) Sf MCG^.Aj) 
as a continuous bipositive isomorphism of M(Gj.,Aj) onto 

M(G2,A2) defined by ^^CT) = ^ T ^ for T € M (L^ (G^ , Aj^ ) ) . Note 
that ^ ^ IS continuous by Open mapping theorem. Since positive 
measures in M(G^,A^) are identified with positive multipliers of 
L^(G^,A^), it follows that maps positive measures of MCGj^.Aj) 
to positive measures of M(G2»A2). 

Next we show that if x is a positive invertible element of A^ 

and s € G, then ®, (x 6 ) has one point support 
1 s 

Suppose ipjCx 5 g) = fi. Then VJj<x = p 

Since X and x ^ are positive elements of A^ and is positive, it 
follows that fi and are positive measures. 

Let Sj, ^2 € Supp. fj, Sj # S2 and t € Supp. fi 
relatively compact neighbourhood U of e' such that 


¥e choose a 
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^(Sj+U) + (t+U)j n ^(s^+U) + (t+U)j = <j). 
Choose 4>' € C^(G2) such that 0 £ 4 >' s 1 and Supp. 4>' £ V 


Define 4 »' > p + (r 4>' )fi 

1 ®2 

and )fi ^ 

Then and are positive measures • Furthermore ^ |i and 
^ n ^ . Therefore = 62 6^,. But is a 

positive measure with atieast two distinct points s +t and s,+t in 
its support. This contradiction proves that }jt has one point 
support 


Let s € Gj . Then there exist elements <^(s) e and ^(s) e J^CAg) 
such that = pis) Thus we get mappings 4 > of G^ 

into G2 and p of G^ into J^(A2> It can be easily seen that ^ is 
a homomorphism. Also p is bounded and p(st) = pis) pit) for s, 
t € Gj . Using the arguments similar to the proof of continuity of 
4 ) in Theorem 5 . 4 . 1 , we can show that the mapping 4 > is continuous 

Next we show that if x € A^ then there exists a y € A2 such 
that y>.ix 6 ) - y 5 , . 

X G G 


First, suppose x is a positive invertible element of A^ . 
Then as seen above there exists a positive invertible element y of 
A2 and an element t € G2 such that ^^Cx 6^) = ^ 

Let X, = , + e . Then x. is invertible because 

h, - nl = Ittii" ‘ *■ 


Thus Xj^ IS a positive invertible element of Aj 
exists a positive invertible element y^ of A2 


Therefore there 
and tj c ^2 such 


that Vjt*! ~ \ " 
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Furthermore , 

' flf'TfFl * “l’ 'e) 

' TTpf Se' ■" Vl'®! 
= TTPT 5' «t * ^2 • 


Therefore y, 6. 

It follows that t = tj 


rT5T «t * '2 «e' 

>"1 = TTT7T *2- 


Thus we have proved that if x is a positive invertible element of 

Aj then there exists a positive invertible element y of such 

that (x 6 ) = y 5 , . 

1 e e 

Now suppose that x is a positive element of Aj . We choose 
a € such that x + ae^^ is invertible. Then x + ae^ is a 

positive invertible element of A^ . Therefore there exists a 
positive invertible element y^ of k^ such that 


sj = yj 8^,, 

Further , 

V»j[^tx+aej) + ae2 6^. 

Therefore 

6^) = yj - ae^ 5^, 

= Cyi-ae2) 6^,. 

Thus if X IS a positive element of A^ , there exists an element y 

of A- such that Cx 6) = y 5 ». 

Z 1 © “ 

Since for each x € Aj , we have 

X = x"*" ~ X where x , x are positive elements of Aj , 



we conclude that for each x e Aj there exists an element y of 

such that u>, (x 5 ) = y 6 , . 

1 e e 

Ve define F ‘ v by 

F(x) = y where (x 6 ) = y 6 , 

i e e 

It can be easily seen that F is a continuous positive isomorphism 
of Aj onto k^. Replacing by we get that is positive. 

Hence F is continuous bipositive isomorphism of A^ onto A^ - 

It can be shown exactly as in the isometric case that the 

mapping ip is bijective and the mapping fi . G, » J^CA > is 

1 2 

continuous 

Remar k 6.3.2 : In Theorem 6 3.i, we have considered continuous 

bipositive isomorphism of L^(G^,Aj) onto l}iG^,k^). But the 

arguments of the proof work if we replace L^(G^,A^) by Segal 
algebra S(G^,A^) consisting of vector valued functions whose 
multiplier space is isomorphic to M(G^,A^). 

The Banach lattice algebras A^'s in Theorem 6.3.1 satisfy the 
condition that inverse of every positive invertible element is 

positive. The examples of Banach lattice algebras given in CD 

and (2) below satisfy this condition whereas C3) does not satisfy 
this condition. 

CD C^CG) * the space of all bounded real valued continuous 
functions defined on a topological space. 

C2) Jt CZ). 

00 

C3) -tjCZ). In this case, we find a positive invertible element x 
of -t^CZ) such that x ^ is not positive. 
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Def me x e (Z) by 

X = 0 

o 

X, = ^ ^ If j 0. 

Then |x| = ^ }x j = -1_ < i . 

-00 '' -<B 8j 

J#0 

Let z = x+e where e = x^O} identity of . 

Then z is positive and invertible. Let y be the inverse of z 
Then z * y = e 
Therefore 

(z * y)(j> = 0 if j jt 0. 

Thus Y, z(j~k) y(k) =0ifj^0 
k 

Fix a J jS 0. If y k 0 then 

z(j-k) y(k) = 0 for each k. 

Therefore yCk) = 0 for each k which contradicts that y is 

invertible. 

Lastly, in the following Theorem, we give a characterization 
of continuous bipositive isomorphism of L^CG^.A^) onto L^<G 2 ,A 2 )- 
¥e omit the proof of this theorem because it is exactly similar to 
the proof of Theorem 5.4.5. Let Xj , X 2 denote the Haar measures 
on Gj^ , G 2 respectively. 

Theorem 6.3.3 : Let ^ be a topological isomorphism of G^ onto G 2 , 
F be a continuous bipositive isomorphism of Aj^ onto Ag nnd p be a 

" 4 " • 

bounded continuous mapping of G^ into J ^^ 2 ) with 


pist) - pis} pit) for s,t e G^ . 
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Suppose c IS the unique positive constant such that 

= c for all Borel measurable subsets E of . Then 

y defined by 

= c PCs) FCfCs)) a.e. for f g L^CGj.A^) 

IS a continuous bipositive isomorphism of L^CG^.A^) onto 

(.G2t^2^ Conversely, every continuous bipositive isomorphism of 
L^(Gj,Aj) onto L^(G2,A2) is given in this form. 

¥e have seen in the proof of Theorem 6.3 1 that every 

continuous bipositive isomorphism of L^CG^.A^) onto L^(G2.A2) 
can be extended to M CL^CG^.A^) a MCG^.A^) as a continuous 
bipositive isomorphism of M<Gj,Aj) onto MCG2 jA 2) defined by 

VjCT) = y T for T e M (L^CG^.A^)). Using arguments similar to 

that for the proof of Theorem 5 . 4 . 4 , it can be shown that any 

continuous isomorphism of MCGj^,Aj) onto M(G2,A2) maps L^CG^.A^) 
onto L^CG2,A2). 

Remark 6 . 3 . 4 : Throughout the Chapter, A, A^ , A2 are assumed to 

be Banach lattice algebras. However, we note that the proof of all 
the results of this Chapter hold even for complex Banach lattice 


algebras . 
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